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Preface 



This paper is based on a course given at the "Dottorato di Ricerca in Matemat- 
ica" of the University of Rome "La Sapienza" in the Academic year 2000/2001. 
The intended aim of the course was to rapidly introduce, although not in an ex- 
haustive way, the non-expert PhD student to deformations of compact complex 
manifolds, from the very beginning to some recent (i.e. at that time not yet pub- 
lished) results. 

With the term "deformation theory", the mathematicians usually intend a set 
of deformation theories, each one of which studies small parametric variation of 
a specific mathematical structure, for example: deformation theory of complex 
manifolds, deformation theory of associative algebras, deformations of schemes, 
deformations of representations and much more. 

Every mathematician which tries to explain and investigate deformation theory 
has to deal with two opposite features: order and chaos. 

Chaos: the various deformation theories often rely on theorems which are proved 
using very different tools, from families of elliptic differential operators of Kodaira 
and Spencer 41 to ringed toposes of Illusie 32 . 

Order: all the deformation theories have lots of common features; for instance 
they have a vector space of first order deformations (usually the of some com- 
plex) and they have an obstruction space (usually an H'^). 

Another unifying aspect of all deformation theories is summarized in the slogan 
"In characteristic every deformation problem is governed by a differential graded 
Lie algebra", which underlie some ideas given, mostly in private communications, 
by Quillen, Deligne, Drinfeld and other about 20 years ago. More recently (espe- 
cially in \42\ and j44j ) these ideas have shown a great utility and possibility of 
development. 

Nowadays this approach to deformation theory is a very active area of research 
which is usually called deformation theory via DGLA or extended deformation the- 
ory. 

The goal of these notes is to give a soft introduction to extended deformation 
theory. In view of the aim (and the hope) of keeping this paper selfcontained, user 
friendly and with a tolerating number of pages, we consider only deformations 
of compact complex manifolds. Anyhow, most part of the formalism and of the 
results that we prove here will apply to many other deformation problems. 
The first part of the paper (Chapters O and IIII|) is a classical introduction to 
deformations of compact complex manifolds; the beginners can find here the main 
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definitions, the statements of the theorems of Kodaira and Kodaira-Nirenb erg- 
Spencer, an elementary description of the semiuniversal deformations of Segre- 
Hirzebruch surfaces and a micro-course in complex analytic singularity theory. 
In the second part (From Chapter II VI to Chapter IVllj) we study deformations in 
the context of dg-objects, where by dg-objects we intend algebraic structures sup- 
ported on differential Z-graded vector spaces. 

Most of this part is devoted to introduce some new objects which play a fundamen- 
tal role in extended deformation theory, such as for instance: deformation functors 
associated to a differential graded Lie algebra and their homotopy invariance, ex- 
tended deformation functors and Gerstenhaber-Batalin-Vilkoviski algebras. The 
reader of this part can also find satisfaction in the proof of the unobstructness of 
Calabi-Yau manifolds (theorem of Bogomolov-Tian-Todorov) . 
Chapter IVII is a basic introduction to Kahler manifold which follows essentially 
Weil's book ]S0[: some modification in the presentation and simplification in the 
proofs are made by using the formalism of dg- vector spaces; this partially explain 
the reason why this Chapter is contained in part II of these notes. 
The third part of the notes (Chapters IVIIII and IIX|) is a basic course in Loo- 
algebras and their use in deformation theory: a nontrivial application of Loo- 
algebras in made in the last section where we give (following |i54j) an algebraic 
proof of Clemens-Ran theorem "obstructions to deformations annihilate ambient 
cohomology" . 

Each Chapter contains: a brief introduction, the main matter, some exercises 
and a survey section. The main matter is organized like a book, while the survey 
sections contain bibliographical annotations and theorems for which the proof it 
is not given here. 
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CHAPTER I 



Smooth families of compact complex manifolds 

In this chapter we introduce the notion of a family / : X ^ B compact complex 
manifolds as a proper holomorphic submersion of complex manifolds. Easy exam- 
ples p.4l II.6|) will show that in general the fibres Xt := f~^{t) are not biholomor- 
phic each other. Using integration of vector fields we prove that the family is lo- 
cally trivial if and only if a certain morphism ICS of sheaves over B is trivial, while 
the restriction of JCS at a point 6 E S is a linear map KS: Th^B — > H^{Xiy,Txf,), 
called the Kodaira- Spencer map, which can interpreted as the first derivative at 
the point b of the map 

B — > {isomorphism classes of complex manifolds}, t Xt. 

Then, according to Kodaira, Nirenberg and Spencer we define a deformation of 
a complex manifolds X as the data of a family A" — > of a base point G B 
and of an isomorphism X ~ Xq . The isomorphism class of a deformation involves 
only the structure of / in a neighbourhood of Xq. 

In the last section we state, without proof, the principal pioneer theorems about 
deformations proved using hard analysis by Kodaira, Nirenberg and Spencer in 
the period 1956-58. 

1. Dictionary 

For every complex manifold M we denote by: 

• Om{U) the C-algebra of holomorphic functions f : U ^ C defined on an 
open subset U C M. 

• Om the trivial complex line bundle C x M ^ M. 

• Tjvf the holomorphic tangent bundle to M. The fibre of Tm at a point 
X G M, i.e. the complex tangent space at x, is denoted by T^^m- 

If € M is a point we denote by Om,x the C-algebra of germs of holomorphic 
functions at a point x G M; a choice of local holomorphic coordinates zi, . . . , z^, 
Zi{x) = 0, gives an isomorphism Om,x = Cjzi, . . . , z^}, being Cjzi, . . . , z„} the 
C-algebra of convergent power series. 

In order to avoid a too heavy notation we sometimes omit the subscript M, when 
the underlying complex manifold is clear from the context. 

Definition I.l. A smooth family of compact complex manifolds is a proper holo- 
morphic map f : M ^ B such that: 

Marco Manetti: Lectures on deformations of complex manifolds 
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I. SMOOTH FAMILIES OF COMPACT COMPLEX MANIFOLDS 



(1) M, B are nonempty complex manifolds and B is connected. 

(2) The differential of /, : Tp^M — > '^f{p),B is surjective at every point 
p£ M. 

Two families f:M^B,g:N^B over the same base are isomorphic if there 
exists a holomorphic isomorphism N ^ M commuting with / and g. 

Prom now on, when there is no risk of confusion, we shall simply say smooth 
family instead of smooth family of compact complex manifolds. 

Note that if / : M — > i? is a smooth family then / is open, closed and surjective. If 
y C -B is an open subset then /: f^^{V) V is a smooth family; more generally 
for every holomorphic map of connected complex manifolds C ^ B, the pull-back 
Mx^C^C is a smooth family. 

For every b £ B we denote Mi, = f^^{b): Mh is a regular submanifold of M. 

Definition 1.2. A smooth family / : M — > i? is called trivial if it is isomorphic to 
the product Mj, x B ^ B for some (and hence all) b £ B. It is called locally trivial 
if there exists an open covering B = UUa such that every restriction /: f^^iJJa) 
Ua is trivial. 

Lemma 1.3. Let f : M ^ B he a smooth family, b € B. The normal bundle 
^Mt/M of Mh in M is trivial. 

Proof. Let E = T^^b x ^4 be the trivial bundle with fibre T^^b- The 

differential /* : T^^m T^ b-, x G M^ induces a surjective morphism of vector 
bundles {Tm)\Mi, ~^ ^ whose kernel is exactly Tm^,- 

By definition Nmjm = {TM)\Mt/TMt, and then Nm^/m = T^^b x M^. □ 

By a classical result (Ehresmann's theorem, j371 Thm. 2.4]), if / : M ^ 5 is a 
family, then for every b £ B there exists an open neighbourhood b £ U C B and a 
diffeomorphism (j): f~^{U) — > Mf, x U making the following diagram commutative 

Mk 

Idx{b} 

f-\U) Mh X U 

U 

being i : M^ M the inclusion. In particular the diffeomorphism type of the fibre 
Mh is independent from h. Later on (Theorem IIV.30) ) we will prove a result that 
implies Ehresmann's theorem. 

The following examples of families show that, in general, ii a,b £ B, a ^ b, then 
Ma is not biholomorphic to Mh- 

Example 1.4. Consider B = C - {0,1}, 

^ = {{[^0, xi,X2], X) ef"^ X B \ x^xo = xi{xi - xo){xi - Axo)}, 
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and f : M ^ B the projection. Then / is a family and the fibre Mx is a smooth 
plane cubic with j-invariant 

(Recall that two elliptic curves are biholomorphic if and only if they have the same 
j-invariant.) 



Example 1.5. (Universal family of hypersurfaces) 

d + n 
n 

with homogeneous coordinates aip^...^i„, > 0, ^ ij = d, and denote 



For fixed integers n,d> 0, consider the projective space P^, N 



X 



{[x], [a]) G P" X P 



AT 



io+...+in=d 



X is a smooth hypersurface of P" x P''^, the differential of the projection X ¥^ 
is not surjective at a point ([x], [a]) if and only if [x] is a singular point of Xa- 
Let B = {[a] G P^ | X„ is smooth }, M = f'^B): then B is open (exercise), 
/ : M — S is a family and every smooth hypersurface of degree d of P" is isomor- 
phic to a fibre of /. 

Example 1.6. (Hopf surfaces) 

Let A £ GL(2,C) be a matrix with eigenvalues of norm > 1 and let {A) ~ Z C 
GL{2, C) be the subgroup generated by A. The action of {A) on X = C'^ — {0} is 
free and properly discontinuous: in fact a linear change of coordinates C: ^ 
changes the action of (A) into the action of {C~^AC) and therefore it is not 

restrictive to assume A is a lower triangular matrix. 

Therefore the quotient Sa = X/ {A) is a compact complex manifold called Hopf 
surface: the holomorphic map X — > is the universal cover and then for every 
point X £ Sa there exists a natural isomorphism tti{Sa,x) ~ (A). We have 
already seen that if A,B are conjugated matrix then Sa is biholomorphic to Sb- 
Conversely ii f : Sa ^ Sb is a biholomorphism then / lifts to a biholomorphism 
g: X ^ X such that gA = B^g\ since / induces an isomorphism of fundamental 
groups A; = ±1. 

By Hartogs' theorem g extends to a biholomorphism g: ^ such that g{&) = 
0; since for every x 7^ Hm A^{x) = +00 and hm B~'^{x) = it must be 

n— >oo n— >oo 

gA = Bg. Taking the differential at of gA = Bg we get that A is conjugated to 
B. 

Exercise 1.7. If ^ = e^'^*^/ G GL(2,C), t = a + ib, b < 0, then the Hopf 
surface Sa is the total space of a holomorphic G-principal bundle 5^ — > P^ , where 
G = C/(Z + rZ). A 

Example 1.8. (Complete family of Hopf surfaces) 
Denote B = {{a,b,c) G | \a\ > 1, |c| > 1}, X = 5 x (C^ - {0}) and let 
Z 2± G C Aut(X) be the subgroup generated by 

(a, b, c,zi,Z2) >->■ (a, b, c, azi , bzi + CZ2) 
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The action of G on X is free and properly discontinuous, let M = X/G be its 
quotient and f : M ^ B the projection on the first coordinates: / is a family 
whose fibres are Hopf surfaces. Every Hopf surface is isomorphic to a fibre of /, 
this motivate the adjective "complete". 

In particular all the Hopf surfaces are diffeomorphic to x (to see this look 
at the fibre over (2,0,2)). 

Notation 1.9. For every pair of pointed manifolds (M, x), {N,y) we denote by 
MorGer((-^, x), {N, y)) the set of germs of holomorphic maps /: (M, x) {N, y). 
Every element of Mot Ger {{M, x), {N,y)) is an equivalence class of pairs {U,f), 
where x £ U C M is an open neighbourhood of x, /: [/ ^ is a holomorphic 
map such that f{x) = y and (U,f) ~ {V,g) if and only if there exists an open 
subset X £ W C U nV such that f^i^ = gy^. 

The category Ger^™ of germs of complex manifolds is the category whose object 

are the pointed complex manifold (M, x) and the morphisms are the MorGer((-^) x), {N, y)) 

defined above. A germ of complex manifold is nothing else that an object of 

Ger^"^. 

In Chapter |lll| we will consider Ger^'" as a full subcategory of the category of 
analytic singularities Ger. 

Exercise 1. 10. Ger^™ is equivalent to its full subcategory whose objects are 
(C",0), nGN. A 

Roughly speaking a deformation is a "framed germ" of family; more precisely 

i f 

Definition 1. 11. Let {B, bo) be a pointed manifold, a deformation Mq — >M — >{B, bo) 
of a compact complex manifold Mq over (B, bo) is a pair of holomorphic maps 

such that: 

(1) fi{Mo) = bo. 

(2) There exists an open neighbourhood bo £ U C B such that /: f~^{U) 
U is a proper smooth family. 

(3) i: Mo — > f~^{bo) is an isomorphism of complex manifolds. 

M is called the total space of the deformation and {B, bo) the base germ space. 

Definition 1.12. Two deformations of Mo over the same base 

Mo^M^{B,bo), Mo^N^{B,bo) 

are isomorphic if there exists an open neighbourhood bo £ U C B, and a commu- 
tative diagram of holomorphic maps 



Mo '-^f-\U) 




9-\U)— -[/ 

with the diagonal arrow a holomorphic isomorphism. 
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For every pointed complex manifold (B,bo) we denote by DefMo(-B,5o) the set 
of isomorphism classes of deformations of Mq with base {B,bo)- It is clear from 
the definition that ii bo e U C B is open, then DefMo{B, bo) = DefMo{U, bo)- 



Exercise 1.13. There exists an action of the group Aut(Mo) of holomorphic iso- 

norphisms of Mq on the set 
is a deformation we define 



morphisms of Mq on the set DefMo(-B, ^o): if 5 e Aut(Mo) and ^ : Mo-^M^{B, bo) 



e : Mo'^MM{B,bo). 

Prove that = ^ if and only if g: /~^(6o) f~^{bo) can be extended to an 
isomorphism g: f~^{V) — > f~^{V), bo & V open neighbourhood, such that fg = 
f. A 

i f 

If C : Mo^M-^{B, bo) is a deformation and g: (C, cq) — >■ {B, bo) is a holomor- 
phic map of pointed complex manifolds then 

g*^: Mo^^MxbC^{C,co) 

is a deformation with base point cq. It is clear that the isomorphism class of g*(, 
depends only by the class of g in MorGerClC") cq), {B, bo)). 

Therefore every g G MoiGeriiC, co),{B,bo)) induces a well defined pull-back mor- 
phism 

g*: BefMo{B,bo) DefMo{C,co). 



2. Dolbeault cohomology 

If M is a complex manifold and E is a holomorphic vector bundle on M, we 
denote: 

• E"^ the dual bundle of E. 

• T{U, E) the space of holomorphic sections s: U E on an open subset 
U CM. 

• = the holomorphic cotangent bundle of M. 

• = /\^ the bundle of holomorphic differential p-forms. 

For every open subset U C M we denote by T{U,A^j) the C-vector space of 
differential {p, (/)-forms on J7. If zi, . . . , Zn are local holomorphic coordinates, then 
^ G r{U,A^f^) is written locally as = Y^(t>i,jdzi A dzj^ where / = (n, . . . ,ip), 
J = (ji, . . . , jg), dzj = dzi-^ A ... A c/zip, dzj = dzj^ A ... A dzj^ and the (^/^j are 
C°° functions. 

Similarly, if £^ ^ M is a holomorphic vector bundle we denote by T{U,AP''^{E)) 
the space of differential (p, q)-forms on U with value in E; locally, if ei,...,er 
is a local frame for E, an element of T(U,A^''^{E)) is written as X]i=i with 
(pi G T(JJ,A^'''). Note that there exist natural isomorphisms r(U,A^''^{E)) ~ 

We begin recalling the well known 
Lemma 1.14 (Dolbeault's lemma). Let 

Al = {{Zi, ...,Zn)eC''\\zi\<R,...,\Zn\<R} 
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be a polydisk of radius R < +00 (A^^ = C"; and let 4> G r(A^,^P'«), q > 0, 
such that dcj} = 0. Then there exists ip G T{A'^, AP''^~^) such that dip = cj). 

Proof. 37, Thm. 3.3], 26, pag. 25]. □ 

If £' is a holomorphic vector bundle, the d operator extends naturally to the Dol- 
beault operator d: r{U,AP'i{E)) T{U,AP'''+^{E)) by the rule di^^cpiei) = 
^•(9(/>j)ej. If hi, . . . ,hr is another local frame of E then there exists a matrix 
(aij) of holomorphic functions such that hi = Y2j ^ij^j then 

d ^ipiK ] = d { ^(piQijCj = ^d{4>iaij)ej = ^{d(l)i)aijej = '^{dcpijhi. 

\ i / y i,j J i,j i i 

— 2 

It is obvious that d =0. 

Definition 1.15. The Dolbeault's cohomology of E, H^*{U,E) is the cohomol- 
ogy of the complex 

o-^r(c/,^P'°(^))^r(c/,^P'i(^))^ . . . -^T{u,AP^^{E))^ . . . 

Note that i/|'"(C/, E) = T{U, ® E) is the space of holomorphic sections. 
The Dolbeault cohomology has several functorial properties; the most relevant 
are: 

(1) Every holomorphic morphism of holomorphic vector bundles E ^ F 
induces a morphism of complexes T{U,A''''*{E)) T{U,AP'*{F)) and 
then morphisms of cohomology groups H^'* (U, E) H^'* (U, F). 

(2) The wedge product 

r{U,AP'''{E))0r{U,A'''{F))^T{U,AP+'''''+'{E^F)), 

commutes with Dolbeault differentials and then induces a cup product 
U : H^^'^iU, E) /7J^(C/, F) ^ E ® F). 

(3) The composition of the wedge product with the trace map E®E^ — > Om 
gives bilinear morphisms of cohomology groups 

U: H^\U,E) X H^'{U,E^) ^ Om). 

Theorem 1.16. If M is a compact complex manifold of dimension n and E ^ M 
is a holomorphic vector bundle then for every p,q > 0: 

(1) dime HP ''^{M,E) < 00. 

(2) (Serre's duality) The bilinear map T{M,AP'''{E))xr {M,A'^-P'''-'>{E'^)) 
C, 

Jm 

induces a perfect pairing H^'''(M,E) x H^~P'"'~'^{M, E"^) — > C and then 
an isomorphism H^'^(M,EY ~ H^'P'^'^^M, E'^). 

Proof. 37]. □ 
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From now on we denote for simplicity Hi{M,E) = H^''^{M,E), h'i{M,E) = 
dime HI {M,E), Hi{M,nP{E)) = H^'''{M,E). 

Definition 1.17. If M is a complex manifold of dimension n, the holomorphic 
line bundle Km = A" ^1/ — called the canonical bundle of M. 

Since fi^.^ = Km (d) (fi^^)^, an equivalent statement of the Serre's duality is 
HP{M,EY ~ H'^~p{M,Km tX" E'^) for every holomorphic vector bundle E and 
every p = 0, . . . ,n. 

The Hodge numbers of a fixed compact complex manifold M are by definition 

hP''^ = dime HP'^M, O) = dime H^\M, VL^). 

The Betti numbers of M are the dimensions of the spaces of the De Rham coho- 
mology of M, i.e. 

6, = dime HliM, C), HliM^ C) = ^-^^"^^^d p-forms _ 

ct-exact p-forms 

Exercise 1.18. Let p > be a fixed integer and, for every < (7 < p, denote by 
Fq C H^{AI,C) the subspace of cohomology classes represented by a d-closed 
form r] £ (Bi<qT{AI, Ap~'^''^). Prove that there exist injective linear morphisms 
^ HP''^''^{M, O). Deduce that bp < J2q hJ'-'i'i. A 

Exercise 1.19. Let /: C" — > C be a holomorphic function and assume that 
X = /~^(0) is a regular smooth submanifold; denote z: X — > the embedding. 
Let (j) £ r(C",^^'''), g > 0, be a differential form such that d(p = in an open 
neighbourhood of X. Prove that i*(t) is 5-exact in X. (Hint: prove that there 
exists V e r(C",^P''?) such that dcj) = d{f^).) A 

Exercise L20. Let /i: C" ^ C be holomorphic and let C/ = {z G C" | h{z) 7^ 
0}. Prove that H'^(U,Ou) = for every q > 0. (Hint: consider the open disk 
A = {t G C I |t| < 1} and the holomorphic maps <p: U x A ^ C"'^^, {z,t) 1-^ 
{z, (1 + t)h^^{z)), f : C"^^ C, f{z, u) = h(z)u — 1; is a biholomorphism onto 
the open set {{z,u) G C"+^ |, \uh{z) — 1| < 1}; use Exercise ILIOH A 

Exercise L21. Prove that the following facts are equivalent: 

(1) For every holomorphic function /: C ^ C there exists a holomorphic 
function /i: C — > C such that f{z) = h{z + 1) — h{z) for every z. 

(2) H\C-{0},Oc) = 0. 

(Hint: Denote p: C ^ C — {0} the universal covering p{z) = e^'^*^. Given /, use a 
partition of unity to find a C°° function g such that f(z) = g{z + 1) — g{z)] then 
dg is the pull back of a 5-closed form on C — {0}.) A 



3. Cech cohomology 

Let E he a. holomorphic vector bundle on a complex manifold M. Let li = {Ua}, 
a G T, M = yJaUa be an open covering. For every /c > let C^{U, E) be the set 
of skewsymmetric sequences {/ao,ai,...,afc}, ao, . . . ,ak € I, where fao,ai,...,ak ■ ^ao n 
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. . . n Uaf. E is a holomorphic section, skewsymmetric means that for every 

permutation a G S^+i, fa^^g^,a,(^,...,a,^^^ = (-1)" fao,ai,...,ak- 

The Cech differential d: C^{U,E) C^+^{U,E) is defined as 

fe+i 

{df)ao,...,ak+i .,ai,...,afc+i • 

1=0 

Since cP = {) (exercise) we may define cocycles Z^{U,E) = kerd C C^{U,E), 
coboundaries B^{U,E) = Imd C Z^{U,E) and cohomology groups H^{U,E) = 
Z^{U,E)/B^{U,E). 



Proposition 1.22. For every holomorphic vector bundle E and every locally 
finite covering U = {Ua}, a E I, there exists a natural morphism of C-vector 
spaces 9: H^{U,E) H^^{M,E). 

Proof. Let M ^ C, a G X, be a partition of unity subordinate to the 
covering {{/„}: supp{ta) C Ua, Ea*a = 1, Yldta = 0. 
Given / G C^{U,E) and a El we consider 

Mf)= E fa,cu-,c,dtc,A...Adtc,er{Ua,A^'\E)), 

Cl,...,Cfe 



a 

Since every fa,ci,...,ck is holomorphic, it is clear that d(f)a = and then 

dcP{f) = ^dtaAMf)= Yl fco,...,A,A...Adtc,. 
a co,.--,Cfc 

We claim that ^ is a morphism of complexes; in fact 

<^(^/) = H dfa,co,...,Ckdtco A...Adtc^ 

a co,...,Ck 



k 

ta I dcPif) -YY'^^'^i^ Y fa,co,...,Ci,...,c,dtc, A ... A Sic^ A ... A dtc, 
i=0 Ci co,...,Ci,...,Ck 

= Y^adm = dm- 



Setting 9 as the morphism induced by (j) in cohomology, we need to prove that 9 is 
independent from the choice of the partition of unity. We first note that, if d/ = 
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then, over UaOUb, we have 

Mf) - Mf) = Eci,...,Cfe(/a,ci,...,Cfe - /fe,ci,...,cJ5tci A • • • A 9tcfe 

= Ec„...,c, Elii-iy-'faMi,...A,...,c,dtc, A • • -Adt,, 

= Elli-^y-' Ec„...,c, faAc^,...A,...,c^ic, A • • • A ate, 

k 

= Yl Z]^^^' ^ Yl fa,b,ci,-,c„...,c,dt,, A • • • A A • • -Adtc, 
i=l Ci ci,...,Ci,...,Cf, 

= 0. 

Let Va be another partition of 1, rja = ta — Va, and denote, for / G Z^{U,E), 

4>a= Y 

Cl,...,Ck 

ipi= Y /a,ci,...,Cfe5tci A . . . A (?tcj_i A fc,9fcj+i A . . . A 9?;cfc, J = 1,...,A;. 

Cl,...,Cfe 

The same argument as above shows that (pa = fpb and ipi = tpl for every a,b,j. 
Therefore all the ipi come from a global section G r{M,A^'''~^{E)); moreover 
(j) — 4> = '^j{—^y~^dip^ and then </), </) determine the same cohomology class. □ 

Exercise 1.23. In the same situation of Proposition ^22] define, for every A; > 0, 
D^{U,E) as the set of sequences {/ao,ai,...,afe}, ao, • • • , Ofc G 2:, where /ao,ai,,,.,afe : Ua^^ 
. . . n C/afc ^ -E is a holomorphic section. Denote by i: C^{U,E) D^{U,E) the 
natural inclusion. The same definition of the Cech differential gives a differen- 
tial d: D^{U,E) D^'^^ipl^E) making i a morphism of complexes. Moreover, it 
is possible to prove (see e.g. |73( p. 214]) that i induce isomorphisms between 
cohomology groups. Prove: 

(1) Given two holomorphic vector bundles E, F consider the linear maps 

D\U, E) ® DP-\U, F)^DP{U, E ® F), (/ U g)ao,...,a, = fa,,...,a, ® 9a„...,a,. 

Prove that U is associative and d{f U g) = df U g -\- {—l)^f U dg, where 

feDHu,E). 

(2) The antisymmetrizer p: D^{U,E) C^{U,E), 

{pf)ao,...,a„ = / ^ ^ /a^(o)v,a<T(n)' ^ ^ 

^ ''a 

is a morphism of complexes and then induce a morphism p : H^{D*{U,E)) - 
H^iU, E) such that pi = Id (Hint: the readers who are frightened by com- 
binatorics may use linearity and compatibility with restriction to open 
subsets N d M oi d,p io reduce the verification of dp{f) = pd{f) in the 
case U = {Ua}, a = 1, . . . , m finite cover and fai,...,ak 7^ only if ai = i). 

(3) The same definition of (j) given in the proof of 11.221 gives a morphism of 
complexes cpE- D*{U,E) — > T{M,A^'*{E)) which is equal to the compo- 
sition of (/> and p. In particular induces ^: H''{D*{U, E)) H^{M^E) 
such that 9p = 9. 
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(4) Prove that, if dg = then 4)E®F[f U = (pEif) A 4>F{g)- (Hint: write 

= Ebtbdgb,a^,...,ap-) 

(5) If E, F are holomorphic vector bundles on M then there exists a functorial 
cup product 

U : HP{U, E) H'i{U, F) HP+''{U, E F) 

commuting with and the wedge product in Dolbeault cohomology. 

A 

Theorem 1.24 (Leray). Let U = {Ua} be a locally finite covering of a complex 
manifold M , E a holomorphic vector bundle on M: if H^~'^{Uao^- ■ - ^^aq, E) = 
for every q < k and a^, . . . ,aq, then 6 : H^{U, E) — > H^{M, E) is an isomorphism. 

Proof. The complete proof requires sheaf theory and spectral sequences; here 
we prove "by hand" only the cases k = 0, 1: this will be sufficient for our applica- 
tions. 

For A; = the theorem is trivial, in fact H^{M, E) and H^iJJ, E) are both isomor- 
phic to the space of holomorphic sections of E over M. Consider thus the case 
A; = 1; by assumption H^{Ua, E) = for every a. 

Let 4> G T{M,A^'^{E)) be a (5-closed form, then for every a there exists ipa £ 
T{Ua,A°'°{E)) such that = cp. The section fa,b = i^a - '4'b- Ua Ci Ui, ^ E is 
holomorphic and then / = {fa,b} G C^(p(, E); since fa,b - fc,b + fc,a = for every 
a, 6, c we have / € Z^{U,E); define (T{(j)) G H^{U,E) as the cohomology class of 
/. It is easy to see that cr(0) is independent from the choice of the sections tpa\ 
we want to prove that a = 9~^. Let ta be a fixed partition of unity. 
Let / G Z^{L{,E), then e{f) = [(/>], (j) = J2b fa,bdtb; we can choose tpa = J2b fa,btb 
and then 

(^{<P)a,c = '^{fa,b - fc,b)tb = fa,c, =^ ad = Id. 

b 

Conversely, if cp^u^ = dipa then Oa{[(t)\) is the cohomology class of 

d'^ii^a - ^b)h = d^ipatb-d^ipbtb = 4>-dJ2'^btb- 

b b b b 

□ 

Remark 1.25. The theory of Stein manifolds (see e.g. j28j ) says that the hy- 
potheses of Theorem 11.241 are satisfied for every k whenever every Ua is biholo- 
morphic to an open convex subset of C"'. 

Example 1.26. Let T ^ be the holomorphic tangent bundle, xq,xi ho- 
mogeneous coordinates on P^, Ui = {xi / 0}. Since the tangent bundle of 
{/j = C is trivial, by Dolbeault's lemma, H^{Ui,T) = and by Leray's theo- 
rem H'{F^,T) = H'{{Uo, Ui},T), i = 0, 1. 

Consider the affine coordinates s = xi/xq, t = xq/xi, then the holomorphic sec- 
tions of T over Uq, Ui and ?7o,i = Uq H Ui are given respectively by convergent 
power series 

+ 00 Q +00 Q +00 Q 

E-^^Ys^ E^^^'di^ E^^^^si- 

i=0 i=0 i=—oo 
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d d 

Since, over Uqi, t = and — = — s^ — , the Cech differential is given by 

at OS 

/+00 ^ +00 ^ \ +00 ^ 2 Q 

\i=0 i=0 / i=0 i=— 00 

and then H^{{Uq,Ui},T) = and 

Example 1.27. If X = x Q then H^{X,Tx) = 0. If C C is an affine 
open subset with affine coordinate s, then H^{X,Tx) is the free 0(C")-module 
generated by 

d 8882^ 

dti ' ' dtn ' 8s^ 8s' ds 
The proof is essentiaUy the same (replacing the constant terms Oj, bi,Ci with holo- 
morphic functions over C") of Example 11.261 



4. The Kodaira-Spencer map 

Notation 1.28. Given a holomorphic map f:X y of complex manifolds 
and complexified vector fields r] G T(X,A^'^{Tx)), 7 G T(Y,A^'^{Ty)) we write 
7 = /*^ if for every x G X we have f^ffj^x) = 7(/(x)), where /=„ : T^j^x ^ is 
the differential of /. 

Let / : M ^ 5 be a fixed smooth family of compact complex manifolds, dim B = 
n, dimM = m + n; for every b & B we let = f~^{b). 

Definition 1.29. A holomorphic coordinate chart (zi, . . . , z^, ti, . . . , t„) : ^ 
(j~<m+n^ jj (2 open, is called admissible if /(C/) is contained in a coordinate chart 
(«!,..., w„) : y ^ C", V C B, such that ti = Vi o f for every i = 1, . . . ,n. 

Since the differential of / has everywhere maximal rank, by the implicit function 
theorem, M admits a locally finite covering of admissible coordinate charts. 

Lemma 1.30. Let f:M^B be a smooth family of compact complex manifolds. 
For every 7 G T{B,A°'^(Tb)) there exists rj G r(M, ^°'°(Ta./)) such that f^r] = 7. 

Proof. Let M = UUa be a locally finite covering of admissible charts; on 
every Ua there exists rja G r{Ua,A^'^{TM)) such that f^rja = 7. 
It is then sufficient to take rj = J^aPaVa, being ^ C a partition of unity 

subordinate to the covering {Ua}- □ 

Let Tf C Tm be the holomorphic vector subbundle of tangent vectors v such that 

f^v = 0. If zi, ■ ■ ■ 1 Zm: ti, . . . ,tn is an admissible system of local coordinates then 
8 8 

— — , . . . , — — is a local frame of Tf. Note that the restriction of Tf to Mf, is equal 

8zi 8Zm 
to Tm^. 
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For every open subset ^ C .B let T{V,Tb) be the space of holomorphic vector 
fields on V. 

For every 7 G r{V, Tb) take r/ G r(/-^(F), ^°'°(rM)) such that /*r? = 7. In an ad- 

d d 

missible system of local coordinates Zj, tj we have 77 = 77^(2;, t)-^ — 

3 ■' 

— — d — 

with 7i(t) holomorphic, 5ry = drji{z,t)— and then ^ry G r(/-i(y), ^^'^(r/)). 

Obviously drj is 9-closed and then we can define the Kodaira- Spencer map 
}CSiV)f:r{V,TB) ^ H\r\V),Tf), }CS{V)f{^) = [8^]. 
Lemma 1.31. The map ICS(y) f is a well-defined homomorphism of 0{V)-modules. 

PROOF.Jf r? G r(/-i(F),ylO'0(TM)), = 7, thenr/-7? G (/-^(y), ^O'O(ry)) 

and [ar?] = [dr]] G H\f~^{V),Tf). 

If G then /*(/*<7)r/ = <77, 5(/*ff)r? = (/*f/)5r/. □ 

If Fi C V2 C 5thentheKodaira-Spencermaps/C5(yi)/: T{Vi,TB) H\f^\Vi),Tf), 
1 = 1,2, commute with the restriction maps r{V2, Tb) r(yi, Tb), H^{f-\V2),Tf) ^ 
H^{f~^{Vi),Tf). Therefore we get a well defined Os^b-linear map 

JCSf. &B,b iR^f*Tf)b, 

where @B,b and {R^f^Tf)h arc by definition the direct limits, over the set of open 
neighbourhood V of b, of r(F, Tb) and H^{f^^{V),Tf) respectively. 

If b G B, then there exists a linear map KSf. Th^B H^iMb,TM^) such that for 
every open subset b eV C B there exists a commutative diagram 

r{V,TB) "'-^^ H\f-\V),Tf) 

n,B ^ H\Mt,TM,) 
where the vertical arrows are the natural restriction maps. 

In fact, if F is a polydisk then T},^b is the quotient of the complex vector space 
r(F,TB) by the subspacc / = {7 G r(F,TB) | 7(6) = 0}; by 0(F)-linearity / is 
contained in the kernel of r o jCS{V) /. 

The Kodaira-Spencer map has at least two geometric interpretations: obstruction 
to the holomorphic lifting of vector fields and first-order variation of complex 
structures (this is a concrete feature of the general philosophy that deformations 
arc a derived construction of automorphisms). 

Proposition 1.32. Let f : M ^ B be a family of compact complex manifolds and 
7 G r(F, Tb), then }CS{V) f{'y) = if and only if there exists 77 G T{f^^{V),TM) 
such that f*r} = ^. 

Proof. One imphcation is trivial; conversely let 77 G r(/^^(F), .A°'°(Tm)) 
such that /*77 = 7. If \dri\ = then there exists r G T{f-^{V),A^^^{Tf)) such that 
% - r) = 0, 7? - T G V{f-\V),TM) and ^(77 - r) = 7. □ 

To compute the Kodaira-Spencer map in terms of Cech cocycles we assume that 
F is a polydisk with coordinates ti,. . . ,tn and we fix a locally finite covering 
U = {Ug} of admissible holomorphic coordinates z^, . . . ,z^,t\, . . . ,t'^: Ua — C, 
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tt = ru. 

On Ua n Uf, we have the transition functions 



< 



Consider a fixed integer h = l,...,n and rj G r(/ ^ {V) , A^''^ {Tm)) such that 
d 

/*'? = t; — ; in local coordinates we have 

dth 



Since, for every r([/„, ^°'°(r/)) and d (^ri - = dri, 1CS{V) / 

H^{U,Tf) is represented by the cocycle 
Formula 1.33. 

i 

dtl dz^' 



d_ 



^^^^^^ U J M - < J - - ^ J = ^ - < = ? 



The above formula allows to prove easily the invariance of the Kodaira-Spencer 
maps under base change; more precisely if / : M ^ 5 is a smooth family, ^ : C — ^ 
B a holomorphic map, (j), f the puUbacks of (p and /, 

MxbC M 

f [f 

C ^ B 
ceC,b = fic). 

Theorem 1.34. In the above notation, via the natural isomorphism Mb = f~^{c), 
we have 

KS^- = KS/(/.* : ^ H\Mb,TM,). 

Proof. It is not restrictive to assume B C C", C C polydisks, c = {ui = 

0} and b = {ti = 0}, ti = (f>i{u). 

If z"',t°': Ua ^ C, z^,t^: Ut, ^ C are admissible local coordinate sets with transi- 
tion functions ^ = gl^iz"" , t") , then z"" ,u'' : Ua x b C ^ C, z^t^ : Ub Xb C ^ C 
are admissible with transition functions = ^{z"' , <p{u"')) . 
Therefore 



.6 



□ 



It is clear that the Kodaira-Spencer map KS/: Tb^^B H^{Mo,Tmo) is de- 
fined for every isomorphism class of deformation Mq M — ^{B,bo): The map 
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KLS f. &B,bo f*'^f)bo is defined up to isomorphisms of the Ob^o module 

(R f*Tf)ij^^. 

i f 

Definition 1.35. Consider a deformation ^ : Mq — >M-^{B,bo), fi{Mo) = bo, 
with Kodaira-Spencer map KSg : T^q^b H^iMo,TMo)- ^, is called: 

(1) Versal if KSg is surjective and for every germ of complex manifold (C, cq) 
the morphism 

MorGer((C,co),(S,6o)) ^DefMo(C,co), 9^9*^ 

is surjective. 

(2) Semiuniversal if it is versal and KS^ is bijective. 

(3) Universal if KSg is bijective and for every pointed complex manifolds 
(C, Co) the morphism 

MorGer((C, Co), {B , bo)) ^ DefA/„(C, co), g ^ g*^ 

is bijective. 

Versal deformations are also called complete; semiuniversal deformations are also 
called miniver sal or Kuranishi deformations. 

Note that if ^ is semiuniversal, (71,92 S MorGer((C) co), (i?, 60)) and g\£_ = 
then, according to Theorem 11.341 dgi = dg2 ■ TcQfi Tb^^B- 

Exercise 1.36. A universal deformation ^ : Mo — >M — >{B,bo) induces a rep- 
resentation (i.e. a homomorphism of groups) 

p: Aut(Mo) ^ AutGer((i?, bo)), p{g)*i = e^ 9 e Aut(Mo). 

Every other universal deformation over the germ {B,bo) gives a conjugate repre- 
sentation. A 



5. Rigid varieties 

Definition 1.37. A deformation Mo ^ M ^ {B,bo) is called trivial if it is 
isomorphic to 

Mo''^'^Mo^BJ^{B,bo). 

Lemma 1.38. Let f : M ^ A'^ be a smooth family of compact complex manifolds, 
ti, . . . ,tn coordinates in the poly disk A^. If there exist holomorphic vector fields 

d 

XI1 ■ ■ ■ ,Xn on M such that f*Xh = — then there exists < r < R such that 

dth 

f: /^^(A") A" is the trivial family. 
Proof. For every r < R, h < n denote 

A^ = {(zi,...,z„) G C" I \zi\ < r,...,\zh\ < r,Zh+i = 0, . . . , z„ = 0} C A^. 

We prove by induction on h that there exists R > r^ > such that the restriction 
of the family / over A^^ is trivial. Taking ro = R the statement is obvious for 
h = 0. Assume that the family is trivial over Aj?^, h < n; shrinking A^ if necessary 
it is not restrictive to assume R = r^ and the family trivial over A^. 
The integration of the vector field Xh+i gives an open neighbourhood M x {0} C 
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f7 C M X C and a holomorphic map H : U ^ M with the followmg properties 
(see e.g. H Ch. VII]): 

(1) For every x G M, {x} x CDU = {x} x A(a;) with A(a;) a disk. 

(2) For every x G M the map = H{x, —) : A(x) ^ M is the solution of 
the Cauchy problem 

^{t) = Xh+i{H.{t)) 
HM = x 

In particular if t) is defined then f{H{x, t)) = /(x) + (0, . . . ,t, . . . ,0) 
{t in the {h + l)-th coordinate). 

(3) If y C M is open and V x A C U then for every t € A the map 
H{—, t): V ^ M is an open embedding. 

Since / is proper there exists r < R such that f~^{A^) x Ar C U; then the 
holomorphic map H: /~^(Aj?) x A^ — > /"^(A^"*"^) is a biholomorphism (exercise) 
giving a trivialization of the family over A.^?"*"^. □ 

Example 1.39. Lemma ll.38l is generally false if / is not proper (cf. the exercise 
in Lecture 1 of |13j). 

Consider for instance an irreducible polynomial F £ C[xi, . . . , Xn,t]; denote by 
/ : C" X — > Cf the projection on the second factor and 



V=< ix,t) 



dF 

F{x, t) = T—{x, t) = 0, i = I, . . . ,n 

OXi 

Assume that f{V) is a finite set of points and set i? = C — f{V), X = {{x,t) G 
C" X B I F{x, t) = 0}. Then X is a regular hypersurface, the restriction f : X ^ B 
is surjective and its differential is surjective everywhere. 

X is closed in the affine variety C" x by Hilbert's Nullstellensatz there exist 
regular functions gi, . . . ,gn G 0{C'^ x B) such that 

5 -Z] 5* 0^ = 1 (modF). 

i=l 

On the open subset U = {g the algebraic vector field 

^Ymfd^^_d^d_\ ^d__^g^dFd_ 
^ g \ dxi dt dt dxi J dt ^ g dt dxi 

d 

is tangent to X and lifts — . 

dt 

In general the fibres oi f : X B are not biholomorphic: consider for example 
the case F{x, y, A) = _ x{x - l)(x - A). Then 5 = C - {0, 1} and / : X ^ S is 
the restriction to the affine subspace xq 7^ of the family M B oi Example 11.41 
The fibre Xx = f~'^{\) is Ma - {point}, where Mx is an elliptic curve with j- 
invariant = 2^{\^ - A + lfX-'^{X - 1)-^. If Xa is biholomorphic to X^ 

then, by Riemann's extension theorem, also Ma is biholomorphic to M^ and then 
j{a)=m- 



16 I. SMOOTH FAMILIES OF COMPACT COMPLEX MANIFOLDS 

d 

Exercise 1.40. Find a holomorphic vector field x lifting — and tangent to 

OA 

{F = 0} C X C, where F{x,y,X) = - x{x - l){x - A) (Hint: use the 

dF dF 

Euclidean algorithm to find a, 6 G C[x] such that ay— — h b—— = 1 + 2aF). A 

ay ox 

Theorem 1.41. A deformation Mq M — >{B,bo) of a compact manifold is 
trivial if and only if ICS f. @B,bQ {R^ f*Tf)bQ is trivial. 

Proof. One implication is clear; conversely assume KLS j = 0, it is not restric- 
tive to assume B a polydisk with coordinates ti, . . . and / a smooth family. 

f d \ 

After a possible shrinking of B we have 1CS{B) f ( ) ~ ^ every i = 1, . . . , n. 

Q 

According to 11.321 there exist holomorphic vector fields S,i such that = — — ; by 

Oti 

11.381 the family is trivial over a smaller polydisk A C -B. □ 

Note that if a smooth family / : M — > i? is locally trivial, then for every b £ B 
the Kodaira-Spencer map KSj: Ti,^b H^i^h^TM^,) is trivial for every b £ B. 

Theorem 1.42. (Semicontinuity and base change) 
Let E ^ AI be a holomorphic vector bundle on the total space of a smooth family 
f : M ^ B. Then, for every i > 0; 

(1) 6 1-^ h'^{Mi,,E) is upper semicontinuous. 

(2) If b h'^{Mi,,E) is constant, then for every b £ B there exists an open 
neighbourhood b £ U and elements ei, . . . , G W{f^^{U), E) such that: 

(a) H^{f~^{U),E) is the free 0{U) -module generated by ei, ... ,en- 

(b) ei, . . . ,er induce a basis of H^{Mc, E) for every c G U. 

(3) If b ^ h^~^{Mh, E) and b ^ h^'^^{Mb,E) are constant then also b ^ 
h^{Mij,E) is constant. 

Proof. 4, Ch. 3, Thm. 4.12], [HI I, Thm. 2.2], [371. ^ 

Corollary 1.43. Let X be a compact complex manifold. If H^{X,Tx) = then 
every deformation of X is trivial. 

Definition 1.44. A compact complex manifold X is called rigid if H^{X,Tx) = 
0. 

Corollary 1.45. Let f : M ^ B a smooth family of compact complex manifolds. 
Ifb^ h^{Mi,, Tm^) is constant and KSf = at every point b G B then the family 
is locally trivial. 

Proof, (cf. Example ll.49|) Easv consequence of Theorems 11.411 and 11.421 □ 

Example 1.46. Consider the following family of Hopf surfaces f:M C, 
M = X/G where X = B x (C"^ - {0}) and G ~ Z is generated by (b,zi,Z2) ^ 
{b, 2zi,b^zi + 2z2). 

The fibre Mf, is the Hopf surface 5^(6); where A{b) = ^ ^2 2 ^ then Mq is 
not biholomorphic to M;, for every b ^ 0. 

This family is isomorphic to N X£B, where i? ^ C is the map b b^ and N is the 
quotient of Cx (C^ — {0}) by the group generated by (s, zi, Z2) ^ (s, 2zi, szi + 2z2). 
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By base-change property, the Kodaira-Spencer map KS/: Tq^b H^{Mo,Tmo) is 
trivial. 

On the other hand the family is trivial over B — {0}, in fact the map 

{B - {0}) X (C^ - {0}) -^{B- {0}) X (C^ - {0}), (6, zi,Z2) ^ {b, b^zi, Z2) 

induces to the quotient an isomorphism {B — {0}) x Mi ~ (M — /^^(O)). Therefore 
the Kodaira-Spencer map KS/: Tb^s — > H^{Mb,TM^) is trivial for every b. 
According to the base-change theorem the dimension of H^{Mb,TMf,) cannot be 
constant: in fact it is proved in [41) that /i^(Mo, Tmo) = 4 and h^{Mi„TMf,) = 2 
for 6/0. 

Example 1.47. Let M C C5 x x be the subset defined by the equations 

UqXi = Ui{x2 — bxo), U0X2 = 

/: M ^ C the projection onto the first factor and f*:M* = (M - /^HO)) ^ 
(C — {0}) its restriction. 

Assume already proved that / is a family (this will be done in the next chapter); 
we want to prove that: 

(1) /* is a trivial family. 

(2) / is not locally trivial at 6 = 0. 

Proof of 1. After the linear change of coordinates X2 — bxQ xq the equa- 
tions of M* C C - {0} X p3 X pi become 

UqXi = UiXo, U0X2 = M1X3 

and there exists an isomorphism of families C — {0} x P] x P^ — > M*, given by 
{b, [to,ti], [uo,ui]) ^ {b, [toUi,toUo,tiUi,tiuo], [uo,ui]). 

□ 

Proof of 2. Let y ~ P^ c Mq be the subvariety of equation b = xi = 
X2 = X3 = 0. Assume / locally trivial, then there exist an open neighbourhood 
G [/ C C and a commutative diagram of holomorphic maps 

Y X U ^ M 

pr f 

U ^ C 

where i is the inclusion, j is injective and extends the identity yx{0} — > Y C Mq. 
Possibly shrinking U it is not restrictive to assume that the image of j is contained 
in the open subset Vq = {xq ^ 0}. For b ^ the holomorphic map 5: Vq n — > 

(5(6, [xo,Xi,X2,X3], [uo,ui]) = (^^^^^ 

\Xo Xq Xq 

is injective; therefore for b G U, b ^ 0, the holomorphic map 6j{—,b): Y ~ 
P^ is injective. This contradicts the maximum principle of holomorphic 

functions. □ 
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Example 1.48. In the notation of ExamDle ll.47l the deformation Mq — > M-^(C, 0) 
is not universah in order to see this it is sufficient to prove that M is isomor- 
phic to the deformation g*M, where g: (C,0) (C,0) is the hofomorphic map 
gib) = b + b^. 
The equation of g*M is 

UqXi = Ui{x2 - {b + b'^)xo), UoX2 = UiX3, 

and the isomorphism of deformations g*M ^ M is given by 

(6, [a;o,a;i,a;2,X3], [no,ni]) = (6, [(1 + 6)xo, xi, X2, X3], [uo,ui]). 

Example 1.49. Applying the base change C ^ C, 6 1-^ 6^, to the family M ^ C 
of Example 11.471 we get a family with trivial KS at every point of the base but not 
locally trivial at 0. 

We win prove inHinithat H^{Mb,TM,) = for 6 / and H^{Mo,Tmo) = C. 



6. Historical survey, ^ 

The deformation theory of complex manifolds began in the years 1957-1960 by a 
series of papers of Kodaira-Spencer j39j . |4()j . j41j and Kodaira-Nirenberg-Spencer 

m 

The main results of these papers were the completeness and existence theorem 
for versal deformations. 

Theorem 1.50. (Completeness theorem, flU] ) 
A deformation ^ over a smooth germ (-8,0) of a compact complex manifold Mq 
is versal if and only if the Kodaira-Spencer map KSg : Tq^b H^{Mq,Tmq) is 
surjective. 

Note that if a deformation Mq — >M — >{B,0) is versal then we can take a lin- 
ear subspace £ C C B making the Kodaira-Spencer map Tq^c H^{Mq,Tmq) 
bijective; by completeness theorem Mq M x b C ^ (C, 0) is semiuni versal. 

In general, a compact complex manifold does not have a versal deformation over 
a smooth germ. The problem of determining when such a deformation exists is 
one of the most difficult in deformation theory. 
A partial answer is given by 

Theorem 1.51. (Existence theorem, [351) 
Let Mq be a compact complex manifold. If H'^{Mq,Tmq) = then Mq admits a 
semiuniversal deformation over a smooth base. 

The condition H'^{Mq,Tmo) = is sufficient but it is quite far from being nec- 
essary. The "majority" of manifolds having a versal deformation over a smooth 
germ has the above cohomology group different from 0. 

The next problem is to determine when a semiuniversal deformation is universal: 
a sufficient (and almost necessary) condition is given by the following theorem. 
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Theorem 1.52. ([SZl, IZll) Let ^ : Mq — >M — >(-B,0) be a semiuniversal defor- 
mation of a compact complex manifold Mq. If b h^{Mii,TM^) is constant (e.g. 
if H^[Mq,Tmo) = then ^ is universal. 

Remark 1.53. If a compact complex manifold M has finite holomorphic auto- 
morphisms then H^{M,Tm) = 0, while the converse is generally false (take as an 
example the Fermat quartic surface in P'^, cf. j71j ). 

Example 1.54. Let M ^ B he a smooth family of compact complex tori of 
dimension n, then Tm^ = ©iLi^Afb and then h^{Mi,,TMf,) = n for every b. 

Example 1.55. HKmq is ample then, by a theorem of Matsumura |55j . H^{Mq, Tmq) = 
0. 

Exercise 1.56. The deformation Mq — >M^C, where / is the family of Ex- 
ample E47| is not universal. A 



CHAPTER II 



Deformations of Segre-Hirzebruch surfaces 

In this chapter we compute the Kodaira-Spencer map of some particular defor- 
mations and, using the completeness theorem 11.501 we give a concrete descrip- 
tion of the semiuniversal deformations of the Segre-Hirzebruch surfaces (The- 
orem |ir28|. 

As a by-product we get examples of deformation-unstable submanifolds (Defini- 
tion III.29|) . A sufficient condition for stability of submanifolds is the well known 
Kodaira stability theorem (Thm. I11.30|) which is stated without proof in the last 
section. 

1. Segre-Hirzebruch surfaces 

We consider the following description of the Segre-Hirzebruch surface Fg, q > 0. 

= {C' - {0}) X (C^ - {0})/ ~, 

where the equivalence relation ~ is given by the (C*)2-action 

{lo,li,to,ti) {Xlo,Xli,X'^fito,iJ,ti), A,/i G C*. 

The projection Fg F^, [lQ,li,to,ti] ^ [loJi] is well defined and it is a P^- 
bundle (cf. Example III.13|) . 

Note that Fq = x P^; Fg is covered by four affine planes ~ Uij = {htj / 0}. 
In this affine covering we define local coordinates according to the following table 



Uo,o ■■ 


h 
to 


to 


Uo,i : 


h 
to 


/ to 

= FF 

tih 


Ui,o : 


lo 


f till 

^ ~ to 


Ui,i : 


^0 

" = /7' 


to 



We also denote 

Vo = {lo / 0} = Uo,o U Uo,i, Vi = {h ^ 0} = [7i,o U Ui^i. 

We shall call z, s principal affine coordinates and J7o,o principal affine subset. 
Since the changes of coordinates are holomorphic, the above affine covering gives 
a structure of complex manifold of dimension 2 on F^.. 

Marco Manetti: Lectures on deformations of complex manifolds 
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Exercise II. 1. If we consider the analogous construction of ¥q with R instead 
of C we get ¥q=torus for q even and ¥q=Klem bottle for q odd. A 

DEFINITION II. 2. For g > we set CToo = {h = 0}. Clearly a^o is isomorphic to 

Proposition II.3. Fq is not homeomorphic to Fi. 

Proof. Topologically Fq = S'^ x and therefore H2(¥q,Z) = Z[52 x {p}] © 
Z[{p} X S"^], where p e S"^ and [V] G H2 denotes the homology class of a closed 
subvariety C 5^ x 5"^ of real dimension 2. 
The matrix of the intersection form q: H2 x H2 — > Hq = Z is 

1 

1 

and therefore q{a,a) is even for every a G H2{¥q,Z). 
Consider the following subvarieties of Fi : 

a = {to = 0}, a' = {to = loti}. 

a and a' intersect transversely at the point to = Iq = and therefore their inter- 
section product is equal to q{[a], [a']) = ±1. On the other hand the continuous 
map 

r : (Fi - (Too) X [0, 1] (Fi - (Too), r{{lo,h,to,ti),a) = {lo,h,ato,ti) 

shows that cr is a deformation retract of (Fi — a^o)- Since ri: a' — cr is an 
isomorphism wc have [cr] = [a'] G -f^2(Fi — cToo,Z) and then a fortiori [cr] = [cr'] G 
i?2(Fi, Z). Therefore g([cr], [cr]) = ±1 is not even and Fq cannot be homeomorphic 
to Fi. □ 

It is easy to find projective embeddings of the surfaces F^; 

Example II. 4. The Scgre-Hirzebruch surface F^ is isomorphic to the subvariety 

X C P''+^ X pi of equation 

■Uo(xi,X2, ■■■,Xq) = Ui{x2,X3, . . .,Xq+i), 

where xq, . . . , Xq+i and uq, ui are homogeneous coordinates in P*+^ and P^ respec- 
tively. 

An isomorphism F^ — > X is given by: 

uo = lo, ui=li, xo = to, Xi = tirQ~^lf^^~\i = l,...q + l. 

Denote by T ^ the holomorphic tangent bundle, in order to compute the 
spaces H^{¥q,T) and H^{¥q,T) we first notice that the open subsets Vb,Vi are 
isomorphic to C X P^. Explicit isomorphisms are given by 

Vb^C, xP\ {lo,h,to,ti)^ (^^ = |,[to,ii]) , 
Vi^C^xF\ {lo,li,to,ti)^ L = |,[to,ti] 
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According to Examnle OTI H^(V,.T) = 0, i = 0, 1, and then H°{¥q,T) and 
H^(¥q,T) are isomorphic, respectively, to the kernel and the cokernel of the Cech 
differential 

H''{Vo,T)(BH'^{Vi,T)^H\VonVi,T), d{x,v)=X-V- 
In the affine coordinates {z,s), {w,y) we have that: 

d d d d 

(1) H^(Vo,T) is the free OfCzl-module generated by — , — , s— , s^ — . 

OZ OS OS OS 

d d d d 

(2) H^{Vi,T) is the free C'(C^)-module generated by -— , — , y— , y'^^- 

Ow Oy oy oy 

d d d 

(3) H^iVQr\Vi,T) is the free OfC^ - {0})-module generated by — , — , s— , 

OZ OS OS 

s^ — 
ds' 

The change of coordinates is given by 

-1 



z = w ^ 



s = y ^w'^ 



w = z 



y = s ^z 



and then 




-z^—+qy 1 ^ = -z'^TT + Q^s — 

OZ OS OZ OS 

-2 a 9 a 2^ 

-y = -z'^s^— 

OS OS 



r 2^ 9 

+ liy + Oiy )-^ 
oy 



\i>0 ^ ^ j>0 ^ 

Ei f d d d , 2^ \ 

V OZ OS OS OS J 

■ ( ( d d \ d d 

+ ^ Z~' [oiii Z^— - qZS— j + Pis'^z'^— + liS-g^ + SiZ 



An easy computation gives the following 
Lemma II. 5. 

^ z' (a~ + b~ + + g ^0(^^ ^ ^) 

belongs to the image of the Cech differential if and only if b^i = b-2 = . . . = 
= 0. In particular the vector fields 

z-'^^e H^{VonVi,T), /i = l,...,g-l 
represent a basis of H^{Fq,T) and then h^(¥q,T) = max(0, g — 1). 
Exercise II. 6. Prove that /i°(Fg, T) = max(6, q + 5). A 
Theorem II. 7. If a ^ b then ¥a is not biholomorphic to F{,. 



24 



II. DEFORMATIONS OF SEGRE-HIRZEBRUCH SURFACES 



Proof. Assume a > b. If a > 2 then the dimension of H^{¥a,TY^) is bigger 
than the dimension of H^{¥i„Tf^). If a = 1, 6 = we apply Proposition III. 31 □ 

We will show in lll.24l that is diffeomorphic to if and only if a — 6 is even. 

2. Decomposable bundles on projective spaces 

For n > 0, a G Z we define 

Opn(a) = (C"+^ -0) X C/C*, 

where the action of the multiplicative group C* = C — is 

X{lo, . . . ,ln,t) = (A/q, • • • , A/„, A"t), A G C*. 

The projection Opn (a) — > P", [Iq, . . . ,ln,t] ^ [lo, ■ ■ ■ Jn], is a holomorphic line 
bundle. Notice that Opn = C'pn(O) P" is the trivial vector bundle of rank 1. 

The obvious projection maps give a commutative diagram 

(C"+i-0)xC — > Opn(a) 

p 

(C"+i - 0) P" 

inducing an isomorphism between (C""*"^ — 0) x C and the fibred product of p 
and it; in particular for every open subset [/ C P" the space H^{U,Opn[a)) is 
naturally isomorphic to the space of holomorphic maps /: TT-'^iU) C such that 
/(Ax) = X^'fix) for every x G n-^iU), A G C*. 

If [7 = P" then, by Hartogs' theorem, every holomorphic map / : 7r~^(C/) — > C can 
be extended to a function /: C"^^ — > C. Considering the power series expansion 
of / we get a natural isomorphism between i?°(P"', C'pn(a)) and the space of 
homogeneous polynomials of degree a in the homogeneous coordinates Iq, . . . ,ln- 

Exercise II.8. Prove that /i°(P", C'pn(a)) = A 

Exercise II. 9. Under the isomorphism o-qo = P^ we have iVo-^/F = Opi{—q). 

A 

On the open set Ui = {k / 0} the section If G H^{Ui, C'pn(a)) is nowhere and 
then gives a trivialization of C'pn(a) over Ui. The multiplication maps 

H'^iUi, Opn (a)) H'^iUi, Opn(5)) ^ Opn (a + 6)), / 5 ^ fg, 

give natural isomorphisms of line bundles 

C'pn(a) Opn{b) = Opn{a + b), T-(om{Opn{a),Opn{b)) = Opn{b - a) 

(In particular Opn(a)^ = Opn(—a).) 

Definition 11.10. A holomorphic vector bundle ^ P" is called decomposable 
if it is isomorphic to a direct sum of line bundles of the form O^n (a) . 
Equivalently a vector bundle is decomposable if it is isomorphic to 

(C"+i - 0) X C7C* ^ (C"+^ - 0)/C* = P'^, 

where the action is A(Zo, ■ ■ ■ ,ln,ti, . . . ,tr) = (A/q, • • • , A/^, A"^ti, . . . , X°'^tr). 
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Lemma 11.11. Two decomposable bundles of rank r, E = (Bl^^O^pn^ai), F = 
©^=iOpn(6j), ai < 02 ■ ■ • < ttr, bi < 62 • • • < br, 0,1^^ isomorphic if and only if 
o-i = h for every i = 1, . . . ,r. 

Proof. Immediate from the formula 

/i°(P", {(SiOpn{ai)) ® 0^n{s)) = ^/i°(P",C>pn(ai + s))= 

i {i\ai+s>0} 

□ 

Example 11.12. If n > 2 not every holomorphic vector bundle is decomposable. 
Consider for example the surjective morphism 

(P: er=o Op"(l)ei ^ Opn{2), ^ f,e, ^ ^ f,k. 

Wc leave it as an exercise to show that the kernel of (p is not decomposable (Hint: 
first prove that ker^ is generated by the global sections liej — IjCi). 

For every holomorphic vector bundle E X on a complex manifold X we denote 
by F{E) — > X the projective bundle whose fibre over x £ X is F{E)x = F{Ex). If 
E ^ X is trivial over an open subset U C X then also F{E) is trivial over U; this 
proves that ¥{E) is a complex manifold and the projection ¥{E) X is proper. 



ai + s + n 
n 



Example 11.13. For every a, 6 e Z, P(C'pi(a) C'pi(6)) = F|„_6|. 
To see this it is not restrictive to assume a > 6; we have 

P(Opi(a) Opi(6)) = (C^ - 0) X (C^ - 0)/C* x C*, 

where the action is {\,r]){lQ,li,tQ,ti) = (XIq, Xh, \"'r)to, X^rjti). Setting fj, = X^rj 
we recover the definition of Pa-6- 

More generally if £^ X is a vector bundle and L — ^ X is a line bundle then 
F{E0L) =F{E). 

Example 11.14. The tangent bundle Tpi is isomorphic to C'pi(2). Let lo,li be 
homogeneous coordinates on P^; s = ^, t = ^ are coordinates on Uo = {Iq 7^ 0}, 
Ui = {h ^ 0} respectively. The sections of Tpi over an open set U correspond to 
pairs (/o(s)|^, , fi e 0{U H Ui), such that = -t^foit'^). 

(d d \ 

Theorem 11.15 (Euler exact sequence). On the projective space P" there exists 
an exact sequence of vector bundles 
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k 

where on the affine open subset ^ 0, with coordinates Si = — , i ^ h, 

h 



-1 


d 






d \ 









d \ ^ d 



( d \ 

Proof. The surjcctivity of (j) is clear. Assume (p I Xlj j ^ij^i'oT ) ~ looking 

V (^ij J 

at the quadratic terms in the set ^ we get Oj/j = for every i ^ h. In the 
open set /q / wc have 

i V j=l i=l 

and then the matrix a,y is a multiple of the identity. □ 

Remark 11.16. It is possible to prove that the map (p in the Euler exact sequence 
is surjective at the level of global sections, this gives an isomorphism 

H\¥^, Tpn) = glin + 1, Cy^id = pgl{n + 1, C) = TuPGL{n + 1, C). 

Moreover it is possible to prove that every biholomorphism of is a projectivity 
and the integration of holomorphic vector fields corresponds to the exponential 
map in the complex Lie group PGL{n + 1,C). 

Exercise 11.17. Use the Euler exact sequence and the surjectivity of (f) on global 
sections to prove that for every n > 2 the tangent bundle of P" is not decompos- 
able. A 

Corollary 11.18. The canonical bundle ofW^ is Kfn = C'pn(-n - 1). 

Proof. Prom the Euler exact sequence we have 

A^Tpn ® Opn = A"+^ (etoOp"(i)) = Cp"(n + 1) 

and then K^n = (A"?P")^ = Own {-n - 1). □ 
Exercise 11.19. Prove that /i"(P", Cpn(-a)) = (^~^^. A 

Lemma 11.20. Let E be a holomorphic vector bundle of rank r. If: 

(1) H^{F^,E{s)) =Ofors « 0, and 

(2) There exists a constant c G N such that h^{F^ , E{s)) > rs — c for s » 0. 
Then E is decomposable. 

Proof. Using the assumptions 1 and 2 we may construct recursively a se- 
quence ai, . . . , Oj. G Z and sections ai G H'^{F^,E{ai)) such that: 
(1) ah+i is the minimum integer s such that the map 

etia^: ei7°(P\Opi(s-ai)) ^i70(P\E(s)) 

i=l 

IS not surjective. 
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(2) Uh+i does not belong to the image of 

eti^i: ®H''{F\Opi{ah+i-ai))^H'>{F\E{ah+i)). 

i=l 

Notice that ai < a2 < . . . < fflr- 

We prove now by induction on h that the morphism of vector bundles 

i=l 

is injective on every fibre; this implies that ©[^^^a^: 0^=i Opi (— fli) — > -E is an 
isomorphism. 

For /i = it is trivial. Assume ©^^^^Oj injective on fibres and let p G P^. Choose 
homogeneous coordinates Iq, li such that p = {h = 0} and set s = h/lo- 
Assume that there exist ci, . . . , c/i € C such that ah+i{p) = J2 Ci(^o''^^ °^^0(i){p) £ 
E{ah+i)p- If ei, . . . , Cr is a local frame for at p we have locally 

i=i j=i 
with fj{s) holomorphic functions such that /j(0) = 0. 

Therefore /j(s)/s is still holomorphic and /(^""^(a/i+i—^ CjZq''"*"^ £ H^(^^ , E{ah^i- 

1)), in contradiction with the minimality of a/i+i. □ 



Theorem 11.21. Let — >E — >F — >G — >0 be an exact sequence of holomorphic 
vector bundles on P^. 

(1) If F,G are decomposable then also E is decomposable. 

(2) If E = ©Opi(— Cj) then min(aj) is the minimum integer s such that 
H°(F^,F{s)) if°(P\G(s)) is not injective. 

Proof. The kernel of H°{F^,F{s)) i7°(P\G(s)) is exactly H^{F'^ , E{s)). 
If F = ©LiOpi(^i), G = ©f^iOpilci) then for s » h^(F\F{s)) = r{s + 
1) + ^ hi, h^{F^, G{s)) = p{s + 1) + ^ Cj and then the rank of is r — p and 
h^{F^ , E{s)) > — p)(s + 1) + ^ 6i — ^ Cj. According to Lemma lII.20l the vector 
bundle E is decomposable. □ 

We also state, without proof, the following 

Theorem 11.22. (1) Every holomorphic line bundle on P" is decomposable. 

(2) (Serre) Let E be a holomorphic vector bundle on P", then: 

(a) i/0(P", E{s)) = Ofors « 0. 

(b) E{.s) is generated by global sections and HP{F'^, E(s)) = forp > 0, 
s » 0. 

(3) (Bott vanishing theorem) For every < p < n: 



HP{F'',ni{a)) 



C if P = Q, a = 

otherwise 
Moreover i/°(P", ni{a)) = i7"(P", 17"-9(-a))^ = whenever a < q. 



Proof. [121 1^ 
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3. Semiuniversal families of Segre-Hirzebruch surfaces 

Let g > be a fixed integer, define M C X F} X P^.+^ as tlie set of points of 
homogeneous coordinates (^2, ■ ■ ■ ,tg, [Iq, h], [xq, . . . , Xg^i]) satisfying the vectorial 
equation 

(1) lo{xi,X2, ...,Xg)= ll{x2 - t2Xo, ...,Xq- tgXQ, Xg+l). 

We denote by / : M ^ C^-^, p: M ^ x F} the projections. 

Lemma 11.23. There exists a holomorphic vector bundle of rank 2, E ^ C^^"*^ xP^^ 
such that the map p: M ^ C^^^ x P^^ is a smooth family isomorphic to F{E) 
C«-i X Fj. 

Proof. Let vr: C^~^ x P^^ Fj be the projection; define E as the kernel of 
the morphism of vector bundles over C^"^ x P^^ 

eVopi^e7r*Opi(i), 

i=0 1=1 



A{t2,...,tg,[l0,h]) 



Xl 



( IqXi - li{x2 - t2Xo) \ 
loX2 - hix3 - t3Xo) 



\ Xq+1 J \ kXg - hXg+l J 

We first note that A is surjective on every fibre, in fact for fixed t2, . . . ,tg,lo,li G C, 
A{ti,lj) is represented by the matrix 

/ t2h lo -h ■■■ \ 
t^h lo ... 



\ ... lo -h J 

Since either /q 7^ or 7^ the above matrix has maximal rank. 

By definition we have that M is the set of points of x E IP(©i=o7r*C'pi) such that 

^(x) = and then M = P(£;). □ 

For every k > denote by C C^~^ the subset of points of coordinates 
(t2, . . . ,tg) such that there exists a nonzero {q + 2)-uple of homogeneous poly- 
nomials of degree k 

{xoikJi), ■ ■ . ,Xg+i{lo,h)) 

which satisfy identically (t being fixed) the Equation ^ Note that t G if and 
only if there exists a nontrivial morphism Opi{ — k) Et and then t G if and 
only if —k < —a. Therefore t G — T^-i if and only if a = A;. 

Lemma 11.24. In the notation above: 

(1) To = {0}. 

(2) Tk C Tfc+i. 

(3) If2k + l>q then Tk = C?"!. 

(4) If2k<q and t £ T^ - T^-i then Mt = Fg_2k- 
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Proof. 1 and 2 are trivial. 
Denoting by Sk C C[/o,^i] the space of homogeneous polynomials of degree k, 
dime S'fc = A; + 1; interpreting Equation ^ as a linear map (depending on the 
parameter t) (t ) : 5'^"''^ — > 5'^_f.i > we have that t G if and only if ker ) 7^ 0. 
Since {q + 2)(A; + 1) > q(k + 2) whenever 2k > q — 2, item 3 follows immediately. 
Let Ef be the restriction of the vector bundle E to {t} x P^, Et is the kernel of the 
surjective morphism A{t) : ©^^q Opi — > (B^^iOf>i{l). According to Theorem lII.211 
Et is decomposable. Since f\ Et = 0^i{—q) we have Et = C'pi(— a) © Of.i{a — q) 
with -a < a - q and Mt = P(-Ej) = ¥g.2a- 

□ 

Lemma IL25. In the notation above {t2, . . . ,tq) £ T/^. if and only if there exists a 
nonzero triple (xo,xi,Xg+i) G ©C[s] of polynomials of degree < k such that 

Xq+i = s^xi + XQ {^Us'^^^'^ . 

Proof. Setting s = Iq/Ii we have by definition that (f2, • • • , t<j) G if and 
only if there exists a nontrivial sequence xq, • • • , Xg+i G C[s] of polynomials of de- 
gree < k such that Xj+i = sxi + tj+ixo for every i = 1, . . . , g (tg+i = by conven- 
tion). Clearly this set of equation is equivalent to Xj+i = -|- xq X]}=i ^j+i**"-'- 
Given xo,xi,Xg+i as in the statement, we can define recursively Xj = s~'^{xij^i — 
ij+ixo) and the sequence xq, . . . , Xg_i satisfies the defining equation of T^. □ 

Corollary IL26. (^2, ■ ■ ■ ,tg) G Tk if and only if the {q — k — 1) x (k + l) matrix 
Bk{t)ij = (tg_k-i+j) has rank < k. 

Proof, li 2k + I < q then Tk = C^^, q — k — 1 < k and the result is trivial: 
thus it is not restrictive to assume k + l<q — k — 1 and then ranki?fc(t) < k if 
and only if ker Bk{t) ^ 0. 

We note that if xo,xi,Xg+i satisfy the equation Xg+i = s^xi + a^o(l^i=2 ^i^''^"^ *) 
then xi,Xg+i are uniquely determined by xq; conversely a polynomial xq{s) of 
degree < k can be extended to a solution of the equation if and only if all 
the coefficients of s^~^^ , s^'^'^ , . . . , s'^~^ in the polynomial xo{^1^2'^i^'^^'^~^) van- 
ish. Writing xq = oq + ais -|- . . . + Ofcs'^, this last condition is equivalent to 
(ao, . . . ,afc) G kerSfc(t). □ 

(q — k — 1\ 
k -\-\ ) ^^'^^'^^ °^ Bk{t), 

each one of which is a homogeneous polynomial of degree k + 1 in t2, ■■■ ,tq. In 
particular is an algebraic cone. 

As an immediate consequence of Coro]]aTv nT2fil we have that for g > 2, < 2/c < 
q, the subset {tk+i 7^ 0, tk+2 = tk+3 = . . . = = 0} is contained in Tk — Tk-i- In 
particular ¥q is diffeomorphic to Fg_2fc for every k < q/2. 

Proposition 11.27. If 2k < q then Tk is an irreducible affine variety of dimen- 
sion 2k. 

Proof. Denote 

Zk = {(H,t) G P'^ X C«-i \v G C'^^^ - 0, Bk{t)v = 0} 
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and by p: the projection on the second factor, p is surjective and if 

tfc+i = 1, ti = for i 7^ A; + 1, then Bk{t) has rank k and p~^{t) is one point. 
Therefore it is sufficient to prove that Zi^ is an irreducible variety of dimension 2k. 
Let vr : Zfc — > P'^ be the projection. We have ([ao, . . . , a^], {t2, • • • , tq)) G if and 
only if for every i = 1, . . . ,q — k — 1 

k q 

= ^ti+i+jaj = y^t;a;_i-i, 

j=0 (=2 

where a; = for I < 0, I > k and then the fibre over [ao, • • • ,0/;] is the kernel 
of the matrix Aij = (uj-i-i) i = 1, . . . ,q — k — 1, j = 2, . . . ,q. Since at least 
one is 7^ the rank of Aij is exactly q — k — 1 and then the fibre is a vector 
subspace of dimension k. By a general result in algebraic geometry 1721,1511 Z is 
an irreducible variety of dimension 2k. □ 

Theorem 11.28. In the above notation the Kodaira- Spencer map KSj : Tq £q^i — > 
H^{Mq,Tm()) is bijective for every q > 1 and therefore, by completeness theorem 
\I.5(A deformation — > M ^ (C'^^"'^,0) is semiuniversal. 

Proof. We have seen that Mq = Fg. Let Vo,Vi C Fg be the open subset 
defined in Section^ Denote Mj C M the open subset {/j ^ 0}, i = 0, 1. 
We have an isomorphism cp^: C'^~^ x Vq ^ Mq, commuting with the projections 
onto C^~^, given in the affine coordinates {z,s) by: 

q~h 

/o = 1, h=z, xo = 1, Xh = z'^~^^^s-y^Jh+jZ^ = zjxh+i-th+ixo), h > 0. 

i=i 

Similarly there exists an isomorphism : C^^^ x Vi ^ Mi, 

h 

lo = w, li = l, xo = y, Xh = w^~^ + y'^tjw^'^ = wxh-i +thXo, h > 0. 

i=2 

In the intersection Mq n Mi we have: 
/■ 

z = 

S=^£±i=y-ly;'?+^t.^'?+l-i. 

According to Formula 11.331 for every h = 2, . . . ,q 

KS )_dnj-'d I d{y-'w'' + EU^,w''''~') d - 

^ \dth J dtfi dz dtfi ds ds' 



□ 



4. HISTORICAL SURVEY, Ell 



31 



4. Historical survey, m 

One of the most famous theorems in deformation theory (at least in algebraic 
geometry) is the stability theorem of submanifolds proved by Kodaira in 1963. 

Definition 11.29. Let y be a closed submanifold of a compact complex manifold 
X. Y is called stable if for every deformation X — >X — >{B,0) there exists a 
deformation Y^^y-^{B,0) and a commutative diagram of holomorphic maps 




The same argument used in Example 11.461 shows that cJoo C is not stable for 
every q > 2, while cToo C Fi is stable because Fi is rigid. 



Theorem 11.30. (Kodaira stability theorem for submanifolds, 
Let Y be a closed submanifold of a compact complex manifold X . If H^{Y, Ny/x) 
then Y is stable. 



Just to check Theorem 111.301 in a concrete case, note that h^{aoo,N„^ 
max(0, q — 1). 



Theorem III. 301 has been generalized to arbitrary holomorphic maps of compact 
complex manifolds in a series of papers by Horikawa j30j . 

Definition 11.31. Let a: y — > X be a holomorphic map of compact complex 
manifolds. A deformation of a over a germ (-6,0) is a commutative diagram of 
holomorphic maps 

Y ^ y ^ B 

Id 

X ^ X ^ B 

where Y—^y^[B,Q) and X^X-^{B,Q) are deformations of Y and X re- 
spectively. 



Definition IL32. In the notation of lll.311 the map a is called: 

(1) Stable if every deformation of X can be extended to a deformation of a. 

(2) Costable if every deformation of Y can be extended to a deformation of 
a. 

Consider two locally finite coverings U = {{/q}, V = {14}, a G Z, Y = UC/aj 
X = UVa such that Va are biholomorphic to polydisks and a{Ua) C Va for 
every a {Ua is allowed to be the empty set). 
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II. DEFORMATIONS OF SEGRE-HIRZEBRUCH SURFACES 



Given a & I and local coordinate systems {zi, . . . , Zm) '■ Ua C™, (ui, . . . , Un) ■ Va 
C" we have linear morphisms of vector spaces 

a*:r{Va,Tx) ^ TiUa,a*Tx), a* = Ei«*(5i)|^ 



a, : r{Ua, Ty) ^ V{Ua, a*Tx), a, (jZ, = h 



d \ ^ , duj d 
' dz4 dui 



Define H*(a*) as the cohomology of the complex 

where di{f,g) = {df,dg + (— 1)*q;*/), being d the usual Cech differential. 

Similarly define IHI*(a*) as the cohomology of the complex 

0-^C°(V, Tx)^C\V,Tx) © C\U, a*Tx)^ . . . 
where di{f,g) = {df,dg + (-l)'a*/). 

Theorem 11.33 (Horikawa). The groups El''(a*) and M.^{a*) do not depend on 
the choice of the coverings U,V . Moreover: 

(1) //H2(a^) = then a is stable. 

(2) If If (a* ) = then a is costable. 

Exercise 11.34. Give a Dolbeault-type definition of the groups El'=(a*), M^{a*). 

A 

Exercise 11.35. If a : y ^ X is a regular embedding then ]Hl'^(a*) = H''^^{Y, Ny/x)- 
(Hint: take Ua = Va(~^ Y, and local systems of coordinates ui, . . . ,Un such that 
Y = {ujn+i = . .. = Un = 0}. Then prove that the projection maps C^^^iJA, Ty) © 
C'^{U,a*Tx) — C^(JA,Nyix) give a quasiisomorphism of complexes. A 

The following (non trivial) exercise is reserved to experts in algebraic geometry: 

Exercise 11.36. Let a: y — > AlhiY) be the Albanese map of a complex projec- 
tive manifold Y. li X = a(y) is a curve then a: y — > X is costable. A 



CHAPTER III 



Analytic singularities 

Historically, a major step in deformation theory has been the introduction of 
deformations of complex manifolds over (possibly non reduced) analytic singular- 
ities. 

This chapter is a short introductory course on analytic algebras and analytic sin- 
gularities; moreover we give an elementary proof of the Nullstellenstaz for the ring 
C{zi, . . . , Zn} of convergent complex power series. 

Quite important in deformation theory are the smoothness criterion 1111.71 and the 
two dimension bounds flll.401 and IIII.411 

1. Analytic algebras 

Let C{zi, . . . , Zn} be the ring of convergent power series with complex coefficient. 
Every / G C{zi, . . . , Zn} defines a holomorphic function in a nonempty open neigh- 
bourhood i7 of E C"; for notational simplicity we still denote by / : C/ ^ C this 
function. 

If / is a holomorphic function in a neighbourhood of and /(O) 7^ then 1/f 
is holomorphic in a (possibly smaller) neighbourhood of 0. This implies that / is 
invertible in C{zi, . . . , z^} if and only if /(O) 7^ and therefore C{zi, . . . , Zn} is a 
local ring with maximal ideal m = {/ | /(O) = 0}. The ideal m is generated by 

•21 ; • • • ) Zn ■ 

Definition III.l. The multiplicity of a power series / G C{zi, . . . , Zn} is defined 
as 

fi{f) = sup{s G N I / G m"} G N U {+00}. 

The valuation i^{S) of a nonempty subset S C C{zi, . . . , Zn} is 

u{S) = sup{s G N I S C m'} = inf{^(/) | / G 5} G N U {+00}. 

We note that i^iS) = +00 if and only if = {0} and fi{f) is the smallest integer 
d such that the power series expansion of / contains a nontrivial homogeneous 
part of degree d. 

The local ring C{zi, . . . , z„} has the following important properties: 

• C{zi, ...,Zn} is Noetherian ([H II.B.9], HH). 

• C{zi, . . . , Zn} is a unique factorization domain f |281 II. B. 7], '24'). 

• C{zi, . . . , Zn} is a Henselian ring f j51|. j23j . |24j). 

• C{zi, . . . , Zn} is a regular local ring of dimension n (see e.g. [H], |24l, 

for the basics about dimension theory of local Noetherian ring). 

Marco Manetti: Lectures on deformations of complex manifolds 
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We recall, for the reader's convenience, that the dimension of a local Noetherian 
ring A with maximal ideal m is the minimum integer d such that there exist 
/ii • • • ) /d £ iTi with the property ^y{fl, . . . , fd) = m. In particular dim^ = if 
and only if \/0 = m, i.e. if and only if m is nilpotent. 

We also recall that a morphism of local rings / : {A, m) {B, n) is called local if 
/(m) C n. 

Definition III. 2. A local C-algebra is called an analytic algebra if it is isomor- 
phic to C{zi, . . . , Zn}/I, for some n > and some ideal / C (zi, . . . , Zn). 
We denote by An the category with objects the analytic algebras and morphisms 
the local morphisms of C-algebras. 

Every analytic algebra is a local Noetherian ring. Every local Artinian C-algebra 
with residue field C is an analytic algebra. 

The ring C{zi, . . . ,Zn} is, in some sense, a free object in the category An as 
explained in the following lemma 

Lemma III. 3. Let {R,m) be an analytic algebra. Then the map 

MorAn(C{zi, . . . , Zn}, R) ^ m X ■ . . X tfl , / ^ ifizi), f{Zn)) 

n factors 

is bijective. 

Proof. We first note that, by the lemma of Artin-Rees (O 10.19]), n„m" = 
and then every local homomorphism / : C{zi, . . . , Zn} Ris uniquely determined 
by its factorizations 

fs: C{zi,...,Zn}/{zi,...,Zny R/m' . 

Since C{zi, . . . , Zn}/{zi, . . . , ZnY is a C-algebra generated by zi, . . . ,Zn, every fs 
is uniquely determined by f{zi); this proves the injectivity. 

For the surjectivity it is not restrictive to assume R = C{ui, . . . ,Um}', given (j) = 
(01, (pi £ m, let U be an open subset £ U C C™ where the cpi = 
(pi{ui, . . . , Um) are convergent power series. The map (j) = • • • > 'Pn) : U ^ 
is holomorphic, i;^(0) = and 4'*{zi) = (pi. □ 

Another important and useful tool is the following 

Theorem III. 4 (Riickert's nullstellensatz). Let /, J C Cjzi, . . . , z„} be proper 
ideals, then 

MorAn(C{2l,...,^n}//,C{t}) =MorAn(C{2l,...,2n}/j,C{i}) ^ = VJ, 

where the left equality is intended as equality of subsets o/MorAn(C{2;i, . . . , Zn},C{t}) 
A proof of Theorem IIII.4I will be given in Section^ 

Lemma III. 5. Every analytic algebra is isomorphic to C{zi, . . . , Zk}/j for some 
k > and some ideal / C (zi , . . . , z^)^ . 

Proof. Let A = C{zi, . . . , Zn}/L be an analytic algebra such that / is not con- 

du 

tained in (zi, . . . , then there exists u £ L and an index i such that — (0) 7^ 0. 

(JZi 

Up to permutation of indices we may suppose i = n and then, by inverse function 
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theorem zi, . . . ,Zn-i,u is a system of local holomorphic coordinates. Therefore 
A is isomorphic to C{zi, . . . , Zn-i} / 1'^, where I'^ is the kernel of the surjective 
morphism 

C{zi, . . .,Zn-l} C{zi, . . .,Zn-l,u}/I = A. 

The conclusion follows by induction on n. □ 

Definition III. 6. An analytic algebra is called smooth if it is isomorphic to the 
power series algebra C{zi, . . . , Zk} for some A; > 0. 

Proposition III. 7. Let R = C{zi, . . . ,Zk}/I, I C {zi, . . . ^z^f, he an analytic 
algebra. 

The following conditions are equivalent: 

(1) / = 0. 

(2) R is smooth. 

(3) for every surjective morphism of analytic algebras B ^ A, the morphism 

M0TAn{R,B) ^ M0TAn{R,A) 

is surjective. 

(4) for every n>2 the morphism 

MorAn(i?,C{t}/(tn)) ^ MorAn(i?,C{t}/(i2)) 

is surjective. 

Proof. [1 2] and [3 ^ 4] are trivial, while [2 =^ 3] is an immediate conse- 
quence of the Lemma IlII. 31 

To prove [4 ^ 1], assume / 7^ and let s = > 2 be the valuation of /, i.e. the 
greatest integer s such that I C (zi, . . . , z^Y: we claim that MorAn(-Ri — > 
MorAn(-Ri C[t]/(t^)) is not surjective. 

Choosing / G / — (zi, . . . , zj^Y^^^ after a possible generic linear change of coordi- 
nates of the form Zi 1— > -|- ajZi, 02, . . . , fl/t £ C, we may assume that / contains 
the monomial with a nonzero coefficient, say / = czf -|- . . .; let a : i? ^ C[t]/(t^) 
be the morphism defined by 0(2:1) = t, a{zi) = for i > 1. 

Assume that there exists (3: R ^ (t'''''^) that lifts a, then P{zi) — t, (3{z2), ■ ■ ■ , 
Pizk) e (t^) and therefore /?(/) = ct' (mod t'+^). □ 

Lemma III.8. For every analytic algebra R with maximal ideal m there exist 
natural isomorphisms 

Homc(m/^2,C) = Derc(i?,C) = MovAn{RM%^))- 

Proof. Exercise. □ 

Exercise III.9. The ring of entire holomorphic functions / : C ^ C is an integral 
domain but it is not factorial (Hint: consider the sine function sin(2:)). 
For every connected open subset U C C", the ring 0{U) is integrally closed in its 
field of fractions (Hint: Riemann extension theorem). A 
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2. Analytic singularities and fat points 

Let M be a complex manifold, as in Chapter ^ we denote by Om,x the ring of 
germs of holomorphic functions at a point x S M. The elements of Om,x are the 
equivalence classes of pairs {U,g), where U is open, x £ U C M, ?7 — > C is 
holomorphic and {U, g) ~ (F, h) if there exists an open subset W , x dU f\V 
such that g\Y/ = h\yY- 

By definition of holomorphic function and the identity principle we have that 
O^n Q is isomorphic to the ring of convergent power series Cjzi, . . . , Zn}- 

Let /: M ^ be a holomorphic map of complex manifolds, for every open 
subset V d N we have a homomorphism of C-algebras 

/* : r(y, On) ^ T{r\v), Om), rg = gof 

If x G M then the limit above maps /*, for V varying over all the open neighbour- 
hood of y = /(x), gives a local homomorphism of local C-algebras /* : Ois[,y 
Om,x- 

It is clear that /* : ON,y Om,x depends only on the behavior of / in a neighbour- 
hood oix and then depends only on the class of / in the space MorGer((-^) x), (N, y)). 
A choice of local holomorphic coordinates zi,. . . ,Zn on M such that Zi{x) = 0, 
gives an invertible morphism in MorGer((-^-^) x), (C", 0)) and then an isomorphism 

Om.x = C{zi, . . .,Zn}. 

Exercise III. 10. Given f,ge MoTG,er{{M,x),{N,y)), prove that f = g if and 
only if f* = g*. A 

Definition III. 11. An analytic singularity is a triple {M,x,I) where M is a 
complex manifold, x G M is a point and / C Om,x is a proper ideal. 
The germ morphisms M.oi:GeriiM,x,I),{N,y,J)) are the equivalence classes of 
morphisms / G MorGer((-^5 x), (N, y)) such that f*{J) C / and f ^ g if and only 
if r=g*: ON,y/J ^ Om,x/L 

We denote by Ger the category of analytic singularities (also called germs of 
complex spaces). 

Lemma III. 12. The contravariant functor Ger An, 

Ob{Ger) Ob{An), (M, x, I) ^ Om,x/I; 

MorGer((M, X, I), (N, y, J)) ^ MorAn ^) , / ^ r ; 

is an equivalence of categories. Its "inverse" An — > Ger (cf. |491 lA]) is called 
Spec (sometimes Specanj. 

Proof. Since C{zi, . . . ,Zn}/I is isomorphic to Oc",o/-^ the above functor is 
surjective on isomorphism classes. 

We only need to prove that MorGer((M, x, I), {N, y, J)) MoiAn{ON,y/ J, Om,x/I) 
is surjective, being injective by definition of MorGer- To see this it is not restric- 
tive to assume (M,x) = (C™,0), {N,y) = (Q,0). 

Let g* : C{2:i , . . . , z^}/ J — > C{ui , . . . , Um}/ / be a local homomorphism and choose, 
for every i = 1, . . . ,n, a convergent power series fi G C{ni, . . . such that 

fi = g*{zi) (mod /). Note that /^(O) = 0. 
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If U is an open set, G C/ C C™, such that ft are convergent in f/, then we 
may define a holomorphic map / = {fi, ■ ■ ■ , fn) '■ U C". By construction 
f*{zi) = g*{zi) £ C{ui, . . . ,Um}/j and then by Lemma ITTO f* = g* . □ 

Definition III. 13. Given an analytic singularity (X, x) = (M, x, I), the analytic 
algebra Oxx '■= Omx/I is called the algebra of germs of analytic functions of 
{X,x). 

The dimension of (X, x) is by definition the dimension of the analytic algebra 

Definition III. 14. A fat point is an analytic singularity of dimension 0. 

Lemma III. 15. Let X = {M,x,I) be an analytic singularity; the following con- 
ditions are equivalent. 

(1) The maximal ideal of Ox,x is nilpotent. 

(2) X is a fat point. 

(3) The ideal I contains a power of the maximal ideal of Om,x- 

(4) // V is open, x £ V C M, and fi,...,fh' V — > C are holomorphic 
functions generating the ideal I, then there exists an open neighbourhood 
U <ZV of X such that 

[/ n {/! = ... = A = 0} = {x}. 

(5) MorAn(Cx a;, contains only the trivial morphism f /(O) G C C 
C{t}. 

Proof, [l ^2 ^3] are trivial. 
[3 ^ 4] It is not restrictive to assume that V is contained in a coordinate chart; 
let zi, . . . ,Zn: V — > C be holomorphic coordinates with Zi{x) = for every i. If 
3 holds then there exists s > such that zf £ I and then there exists an open 
subset X £ U C V and holomorphic functions : U ^ C such that zf = J2j ^ijfj- 
Therefore U DV D {fi = . . . = ft = 0} C U D {zf = . . . = zf, = 0} = {x}. 
[4 5] Let (p: (C,0) — > (M, x) be a germ of holomorphic map such that (/>*(/) = 
0. If (j) is defined in an open subset W C C and (piW) C U then </)*(/) = 
implies (piW) c U n{fi = . . . = fh = 0} and therefore MorGer((C, 0, 0), (M, x, I)) 
contains only the constant morphism. 

[5 ^ 1] is a consequence of Theorem IIII.4I fwith J = mM,x)- D 

Exercise III. 16. If / G MorGer((^, 2;,/), (iV, y, J)) we define the schematic 
fibre f~^{y) as the singularity (M,x,I + f*mN,y)- 

Prove that the dimension of a singularity (M, x, I) is the minimum integer d such 
that there exists a morphism / £ MovGer{{M,x, I), {C^,0,0)) such that f^^{0) is 
a fat point. A 

Definition III. 17. The Zariski tangent space T^^x of an analytic singularity 
{X,x) is the C-vector space Deicc{Ox,x,C). 

Note that every morphism of singularities {X, x) — > (Y, y) induces a linear mor- 
phism of Zariski tangent spaces T^^x '^yX- 

Exercise III. 18. (Cartan's Lemma) 
Let (i?,m) be an analytic algebra and G C Aut(i?) a finite group of automor- 
phisms. Denote n = dime iri/^nS . 
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Prove that there exists an injective homomorphism of groups G — > GL(C"') 
and a G-isomorphism of analytic algebras R 2± Ocu^q/I for some G-stable ideal 
I c Oc^fl. (Hint: there exists a direct sum decomposition m = V ®xv? such that 
gV C V for every g G G.) A 

3. The resultant 

Let ^ be a commutative unitary ring and p G A\i\ a monic polynomial of de- 
gree d. It is easy to see that A[t\/{p) is a free ^-module of rank d with basis 
l,t,...,t'^-\ 

For every f ^ A[t\ we denote by R(j), f) & A the determinant of the multiplication 
map/: 

Definition III. 19. In the notation above, the element R(p,f) is called the re- 
sultant of p and /. 

If : A ^ B is a morphism of unitary rings then we can extend it to a morphism 
^: A[t] — B[t], (t){t) = t, and it is clear from the definition that R{(t){p) , (f){f)) = 

By Binct's theorem R{p, fg) = R{p, f)R{p,g). 

Lemma III. 20. In the notation above there exist a,/3 G A[t] with dega < degf, 
deg/3 < degp such that R{p, f) = Pf — ap. In particular R(j),f) belongs to the 
ideal generated by p and f. 

Proof. For every i,j = 0,...,d—l there exist hi G A[t] and Cij G A such 
that 

d-l 

i7 = hip + ^ Cijt^ , deg hi < deg /. 

j=0 

By definition R{p, f) = det(cjj); if (C*-') is the adjoint matrix of {cij) we have, by 
Laplace formula, for every j = 0, . . . ,d — 1 

^C% = <5o,i?(p,/) 

i 

and then 

d-l 

R{p, /) = E ^°'(*'/ - M = Pf- ocp- 

i=0 

□ 

Lemma III. 21. In the notation above, if A is an integral domain and p, f have 
a common factor of positive degree then R{p, f) = 0. The converse hold if A is a 
unique factorization domain. 

Proof. Since A injects into its fraction field, the multiplication /: — 
A[t]/{p) is injective if and only if R{p, /) 7^ 0. 

If p = qr with degr < degp, then the multiplication q: A[t]/(p) A\t]/{p) is 
not injective and then its determinant is trivial. If q also divides / then, by the 
theorem of Binet also /) = 0. 
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Assume now that ^ is a unique factorization domain and R{p, /) = 0. There 
exists q (p) such that fq £ (p); by Gauss' lemma A[t] is a UFD and then there 
exists a irreducible factor pi of p dividing /. Since p is a monic polynomial the 
degree of pi is positive. □ 

Lemma III. 22. Let A be an integral domain and ^ p C A[t] a prime ideal such 
that p n A = 0. Denote by K the fraction field of A and by p'^ C K[x\ the ideal 
generated by p. 
Then: 

(1) p'^ is a prime ideal. 

(2) p^nA[x] =p. 

(3) There exists f G p such that for every monic polynomial p ^ p we have 

Proof. [1] We have p^ = l- p£p,a£A- {0}}. If — — G with pi e 

^ a ) ai a2 

A[x], ai G A; then there exists a £ A — {0} such that apiP2 G p- Since p n ^4 = 

it must be G p or p2 £ P- This shows that p^ is prime. 

[2] If G p^ n then there exists a £ A, a ^ such that aq £ p and therefore 
g G p. 

[3] Let / G p — {0} be of minimal degree, since K[t] is an Euclidean ring, p^ = fK[t] 
and, since p^ is prime, / is irreducible in K[t]. If p G ^[f] \p is a monic polynomial 
then p ^ p^ = fK[t] and then, according to Lemma IIII.2H R{p, /) 7^ 0. □ 

Theorem III. 23. Let A be a unitary ring, p C A[t] a prime ideal, q = Anp. 
If p ^ (\[t] (e.g. if p is proper and contains a monic polynomial) then there exists 
/ G p such that for every monic polynomial p ^ p we have R{p, /) q. 
// moreover A is a unique factorization domain we can choose f irreducible. 

Proof, q is prime and c\[t] C p, therefore the image of p in (yl/q)[t] = A[t]/q[i] 
is still a prime ideal satisfying the hypothesis of Lemma IlII. 221 
It is therefore sufficient to take / as any lifting of the element described in 
Lemma IIII.22I and use the functorial properties of the resultant. If A is UFD 
and / is not irreducible we can write f = hg with g £p irreducible; but R{p, f) = 
R{p, h)R{p,g) and then also R{p,g) q. □ 

Exercise III. 24. If p,q £ A[t] are monic polynomials of degrees d,l > then for 
every / G A[t] we have R{pq, f) = R{p, f)R{q, /)• (Hint: write the matrix of the 
multiplication / : A[t]/{pq) A[t]/{pq) in the basis 1, i, . . . , f^'^^p, tp, . . . , t^~^p.) 

A 



4. Riickert's Nullstellensatz 

The aim of this section is to prove the following theorem, also called Curve 
selection lemma, which is easily seen to be equivalent to Theorem IIII. 41 The proof 
given here is a particular case of the one sketched in I'ST' . 

Theorem III. 25. Let p C Cjzi, . . . , z^} be a proper prime ideal and h ^ p. Then 
there exists a homomorphism of local C-algebras 4>: C{zi, . . . , Zn} such 
that 4>{p) = and (j){h) / 0. 
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Corollary III. 26. Let I C C{zi, . . . , Zn} be a proper ideal and h a/7. Then 
there exists a homomorphism of local C-algebras 4>: C{zi, . . . , Zn} such 
that 4>{I) = and 4>{h) ^ 0. 

Proof. If h ^ \fl there exists (cf. (HI) a prime ideal p such that / C p and 
/i p. □ 

Before proving Theorem lIII.25l we need a series of results that are of independent 
interest. We recall the following 

Definition III. 27. A power series p G Cjzi, . . . , z^, is called a Weierstrass 
polynomial in t of degree d > if 

d-l 

P = t'^ + ^Pi{zi,...,Zn)t\ Pi{0)=0. 

i=0 

In particular if p{zi, . . . ,Zn,t) is a Weierstrass polynomial in t of degree d then 
piO,...,0,t) = t^. 

Theorem III. 28 (Preparation theorem). Let f G C{zi, . . . , Zn,t} be a power 
series such that /(O, . . . , 0, t) / 0. Then there exists a unique e G C{zi, . . . , Zn,t} 
such that e(0) ^ and ef is a Weierstrass polynomial in t. 

Proof. For the proof we refer to dH, HH, [SSI, [HI, HI]- We note 

that the condition that the power series n{t) = /(O, . . . ,0,t) is not trivial is also 
necessary and that the degree of ef in t is equal to the multiplicity at of /x. □ 

Corollary III. 29. Let f G C{zi,...,Zn} be a power series of multiplicity 
d. Then, after a possible generic linear change of coordinates there exists e G 
C{zi, . . . , Zn} such that e(0) / and ef is a Weierstrass polynomial of degree d 
in Zn- 

Proof. After a generic change of coordinates of the form Zi i — > zi + UiZn, 
Oi G C, the series /(O, . . . , 0, z„) has multiplicity d. □ 

Lemma III. 30. Let f,g£ C{xi, . . . ,x„}[t] be polynomials in t with g in Weier- 
strass' form, if f = hg for some h G C{a;i, . . . , x„, t} then h G Cjxi, . . . , . 

We note that if g is not a Weierstrass polynomial then the above result is false; 
consider for instance the case n = 0, f = t^ , g = t + t'^ . 

Proof. Write g = t' + T.9i{x)t'-\ gM = 0, / = TJ'i=Ji{xY"' h = 

hi{x)f, we need to prove that hi = for every i > r — s. 
Assume the contrary and choose an index j > r — s such that the multiplicity of 
hj takes the minimum among all the multiplicities of the power series hi, i > r — s. 
From the equality = hj + J2i>o 9i^j+i S^t a contradiction. □ 

Lemma III. 31. Let f G C{xi, ... ,Xn}[t] be an irreducible monic polynomial of 
degree d. Then the polynomial fo{t) = /(O, . . . , 0, t) G C[t] has a root of multiplicity 
d. 

Proof. Let c G C be a root of fo{t). If the multiplicity of c is / < d then 
the multiplicity of the power series /o(t + c) G C{t} is exactly I and therefore 
/(xi, . . . , Xn,t + c) is divided in C{xi, . . . , Xn}[t] by a Weierstrass polynomial of 
degree I. □ 
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Lemma III. 32. Let p G C{x}[y] be a monic polynomial of positive degree d in y. 
Then there exists a homomorphism cp: C{x}[y] C{t} such that (j){p) = and 



Proof. If d = 1 then p{x, y) = y — Pi{x) and we can consider the morphism 
(p given by = t, (j){y) = pi(t). By induction we can assume the theorem true 
for monic polynomials of degree < d. 

If p is reducible we have done, otherwise, writing p = y'^ + pi{x)y'^~^ + . . . -\-Pd{x), 
after the coordinate change x ^ x, y ^ y — pi{x)/d we can assume pi = 0. 
For every i >2 denote by = Qj > the multiplicity of pi (we set aj = +oo 

ifpi = 0). 

Let J > 2 be a fixed index such that — < — for every i. Setting m = Oj, we 

j I 

want to prove that the monic polynomial p{£,-' ,y) is not irreducible. 
In fact p(e^y) = y'' + Ei>2 HOv''-^ where = 9i{e)- 
For every i the multiplicity of hi is jai > im and then 

q{^, y) = r 2/)r'"^ = + E ^y'~' = y' + Yl v^i^y''" 

is a well defined element of C{^,y}. Since 771 = and ?7j(0) 7^ the polynomial 
q is not irreducible and then, by induction there exists a nontrivial morphism 
i;: C{^}[y] C{t} such that i;{q) = 0, / ^^(0 ^ (t) and we can take (j){x) = 

^{^i) and m = i^iry)- □ 

Theorem III. 33 (Division theorem). Let p € C{zi, . . . , Zn,t}, p 0, be a Weier- 
strass polynomial of degree d > in t. Then for every f € Cj^i, . . . , Zn, t} there 
exist a unique h G C{zi, . . . , Zn,t} such that f — hp £ C{zi, . . . , is a polyno- 

mial of degree < d in t. 

Proof. For the proof we refer to US], HU, [H], (SZI, HH, HI]. □ 

We note that an equivalent statement for the division theorem is the following: 

Corollary III. 34. If p £ C{zi, . . . , Zn,t}, p 0, is a Weierstrass polynomial 
of degree d > in t, then C{zi, . . . , Zn,t}/{p) is a free C{zi, . . . , Zn}-module with 
basis l,t, . . . , t'^~^ . 

Proof. Clear. □ 

Theorem III. 35 (Newton-Puiseux). Let f € C{a;, y} be a power series of positive 
multiplicity. Then there exists a nontrivial local homomorphism (p: C{x,y} 
C{t] such that (j){f) = 0. 
Moreover if f is irreducible then kerc/) = (/). 

In the above statement nontrivial means that 0(x) 7^ or 0(?/) 7^ 0. 

Proof. After a linear change of coordinates we can assume /(O, y) a non zero 
power series of multiplicity d > 0; by Preparation theorem there exists an invert- 
ible power series e such that p = e/ is a Weierstrass polynomial of degree d in y. 
According to Lemma llll. 321 there exists a homomorphism (p: C{x}[7/] such 
that (p{p) = and 7^ <p{x) G {t). Therefore (p{p{0,y)) £ {t) and, being p a Weier- 
strass polynomial we have (p{y) G (t) and then (j) extends to a local morphism 
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(/.: C{x,y}^C{t}. 

Assume now / irreducible, up to a possible change of coordinates and multiplica- 
tion for an invertible element we may assume that / G C{2;}[y] is an irreducible 
Weierstrass polynomial of degree d > 0. 

Let (p: C{x,y} C{t} be a nontrivial morphism such that (j){f) = 0, then 
7^ (otherwise (t>{y)'^ = <P{f) = 0) and therefore the restricted morphism 
(/>: C{x} — > C{t} is injective. 

Let g S ker ((/>), by division theorem there exists r € C{x}[y] such that g = hf + r 
and then r E keic{(p), R{f,r) E ker(^) n C{x} = 0. This implies that / divides 
r. □ 

The division theorem allows to extend the definition of the resultant to power 
series. In fact if p E C{zi, . . . , Zn}[t] is a Weierstrass polynomial in t of degree d, 
for every / E C{zi, . . . ,Zn,t} we can define the resultant R{p, f) E C{zi, . . . , Zn} 
as the determinant of the morphism of free C{zi, . . . , z„}-module 

J. C{zi,. . . ,Zn,t} _^ C{zi,. . . ,Zn,t} 

{P) {P) 
induced by the multiplication with /. 
It is clear that /) = i?(p, r) whenever / — r E {p). 

Lemma III. 36. Let p E Cjzi, . . . , z^, o Weierstrass polynomial of positive 
degree in t and V C Cjzi, . . . , Zn, t} a C-vector suhspace. 

Then R{p, /) = /or every f £ V if and only if there exists a Weierstrass poly- 
nomial q of positive degree such that: 

(1) q divides p in C{zi, . . . , Zn}[t] 

(2) V CqC{zi,...,Zn,t} 

Proof. One implication is clear, in fact p = qr then the multiplication 
by q in not injective in C{zi, . . . , Zn,t} /(p); therefore R{p,q) = and by Binet's 
theorem R{p, /) = for every f £ (q). 

For the converse let p = piP2 ■ ■ - Ps be the irreducible decomposition of p in the 
UFD C{zi, Zn}[t]. If Rip, /) = and r = / - hp £ C{zi, is the 
rest of the division then R{p,r) = and by Lemma IIII.21I there exists a factor pi 
dividing r and therefore also dividing /. 

In particular, setting Vi = V H (pi) , we have V = UiVi and therefore V = Vi for at 
least one index i and we can take q = Pi- □ 

Proof of IIII.25L We first consider the easy cases n = 1 and p = 0. If p = 
then, after a possible change of coordinates, we may assume h{0, . . . ,0,t) ^ and 
therefore we can take (pizi) = for i = 1, . . . ,n — 1 and (^{zn) = t. 
If n = 1 the only prime nontrivial ideal is [zi) and therefore the trivial morphism 
(j): Cjzi} ^ C C C{t} satisfies the statement of the theorem. 
Assume then n > 1, p 7^ and fix a nonzero element 5 E p. After a possible linear 
change of coordinates and multiplication by invertible elements we may assume 
both h and g Weierstrass polynomials in the variable z„. Denoting 

r = p n C{zi, . . . , Zn-l][Zn\, q = P n C{zi, . . . , Zn-l] = r n C{zi, Zn-l], 

according to Theorem IIII.231 there exists / E r such that R{h, f) q. On the 
other hand, by Lemma [111.201 R{g, /) E q for every / E p. 
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By induction on n there exists a morphism ^: Cjzi, . . . , Zn-i} C{x} such that 
-(/^(q) = and %lj{R{h, f)) / 0. Denoting by ip: Cjzi, . . . , 2;„} C{x,Zn} the 
natural extension of ^ we have R{ilj{h),ilj{f)) ^ and R{'ip{g),ilj{f)) = for 
every / G p. Applying Lemma IIII..S6I to the Weierstrass polynomial ip{g) and the 
vector space V = ip{p) we prove the existence of an irreducible factor p of ip{g) 
such that ■0(p) C pC{x, Zn}- 

In particular p divides ip{f), therefore R{ip{h),p) ^ and V'(^) pC{x, Zn}. 
By Newton-Puiseux' theorem there exists rj: C{x, Zn} — > C{t} such that = 
and r]{'il){h)) ^ 0. It is therefore sufficient to take (p as the composition of ij^ and 
ry. □ 



Exercise III. 37. Prove that f,gG C{x,y} have a common factor of positive 
multiplicity if and only if the C- vector space C{x, y}/{f, g) is infinite dimensional. 

A 

5. Dimension bounds 

As an application of Theorem IIII.25I we give some bounds for the dimension of 
an analytic algebra; this bounds will be very useful in deformation and moduli 
theory. The first bound (Lemma IIII.4n|l is completely standard and the proof is 
reproduced here for completeness; the second bound (Theorem IIII.41I communi- 
cated to the author by H. Flenner) finds application in the "T^-lifting" approach 
to deformation problems. 

We need the following two results of commutative algebra. 

Lemma III. 38. Let (A, m) he a local Noetherian ring and J <Z I <Z A two ideals. 
If J + ml = I then J = I. 

Proof. This a special case of Nakayama's lemma |51j . □ 

Lemma III. 39. Let {A, m) be a local Noetherian ring and f £ m, then dim A/ (/) > 
dim A — 1. 

Moreover, if f is nilpotent then dimA/(/) = dim^, while if f is not a zerodivisor 
then dim A/ (/) = dim^ — 1. 

Proof. ^. □ 

Lemma III. 40. Let R be an analytic algebra with maximal ideal m, then dimR < 
dime — K and equality holds if and only if R is smooth. 

Proof. Let n = dime — and /i,...,/n G nr inducing a basis of — ^. If 

rm— 1 

J = (/i, . . . , /„) by assumption J + = m and then by Lemma IIII.38I J = m, 
R/J = C and = dim i?/J > dimR - n. 

According to Lemma IIII.5I we can write R = C{zi, . . . , Zn}/I for some ideal con- 
tained in (zi, . . . , Zn)'^. Since C{zi, . . . , Zn} is an integral domain, according to 
Lemma IIII.39I dim R. = n if and only if / = 0. □ 
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Theorem III. 41. Let R = P/I he an analytic algebra, where P = C{zi, . . . , Zn}, 
n > is a fixed integer, and I <Z P is a proper ideal. 

Denoting by m = (zi, . . . , z„) the maximal ideal of P and by J C P the ideal 



I 



— ^I,\/i = l,...,n 

OZi 



7/: MorAn(P,C{t}) ^Homi 



we have dim R> n — dime 

J + xnl 

Proof, (taken from (141) We first introduce the curvilinear obstruction map 

I 

J + mP 

Given cj): P ^ C{t}, if (/>(/) = we define 7/((^) = 0; if 0(1) 7^ and s is the 
biggest integer such that C (t^) we define, for every f £ I, Ji{(l))f as the 
coefficient of in the power series expansion of </>(/). 

It is clear that 77-((/))(mI) = 0, while if (/>(/) C (t*) and / G J we have (j){f) = 

f{4>{zi), - ■ ■ ,4>{Zn)), 

#(/) ^ df 



1=1 

and therefore 4){f) S (i*"*"^) (this is the point where the characteristic of the field 
plays an essential role). 

The ideal I is finitely generated, say / = (/i, . . . , J^), according to Nakayama's 
lemma we can assume fi, ■ ■ ■ , fd a basis of //ml. 

By repeated application of Corollarv IIII.26I fand possibly reordering the /j's) we 
can assume that there exists an h < d such that the following holds: 

(1) fi i Vifi^---Ji-i) for i < h; 

(2) for every i < h there exists a morphism of analytic algebras (pi : P ^ 
such that (j)i{fi) / 0, <j)i{fj) = if j < i and the multiplicity of 4>i{fj)) is 
bigger than or equal to the multiplicity of 4>i{fi)) for every j > i. 

(3) / c ^(/i,...,A). 

Condition 3) implies that dimi? = dimP/(/i, . . . , //j) > n — h, hence it is enough 
to prove that 7/(0i), . . . ,^i{<j)h) are linearly independent in Home 



y + m/' 

and this follows immediately from the fact that the matrix aij = 'yi{4'i)fj, i,j = 
1, . . . ,h, has rank h, being triangular with nonzero elements on the diagonal. □ 

Exercise III. 42. In the notation of Theorem IIII.41I prove that C J. Prove 
moreover that I = J + ml if and only if I = 0. A 

Exercise III. 43. Let / C C{x,y} be the ideal generated by the polynomial 
/ = x^ +y^ +x^y^ and by its partial derivatives fx = 5x^+3x'^y^, fy = 5y^+3x^y'^. 
Prove that J is not contained in ml, compute the dimension of the analytic algebra 

C{x,y}/I and of the vector spaces — -, — -. A 

J + ml ml 

Exercise III. 44. (easy, but for experts) In the notation of lIII.41l if I C then 



Home (j-^^'C^ = Ext|j(17i?,C). 
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(ilij is the i?-module of separated differentials) A 

Exercise III. 45. In the notation of Theorem 1111.411 prove that for every short 
exact sequence 0— ^-B^F^G— >0of i?-modules of finite length (i.e. annihi- 
lated by some power of the maximal ideal) it is defined a map 

ob: Derc(i?,G) ^ Bouir (^,E 



J' 

with the property that ob{(f)) = if and only if (f) lifts to a derivation R ^ F. 
Moreover, if mnE = then Hom/j ( — ,E] = Home ( — - — ,E] . A 

Remark III. 46. (T^-lifting for prorepresentable functors.) 
For every morphism of analytic algebras f : R ^ A and every ^-module of finite 
length M there exists a bijection between Derc(-R, M) and the liftings of / to 
morphisms R ^ A (B M. 

In the notation of Theorem IIII.41I if / C m^, then Home ( — 7,C | is the 

\J + ml ) 

subspace of Home ^ — j'*^^ of obstructions (see jl31 Section 5]) of the functor Kr 

arising from all the small extensions of the form — > C ^ j4 © — A © ^ 0, 
where p: M ^ N is a morphism of A-modules and A (B M ^ A, A (B N ^ A are 
the trivial extensions. 



6. Historical survey, IIIII 

According to [24j . the preparation theorem was proved by Weierstrass in 1860, 
while division theorem was proved by Stickelberger in 1887. 

The factoriality of C{zi, . . . , z„} was proved by E. Lasker in a, long time ignored, 
paper published in 1905. The same result was rediscovered by W. Riickert (a stu- 
dent of W. Krull) together the Noetherianity in 1931. In the same paper of Riickert 
it is implicitly contained the Nullstellensatz. The ideas of Riickert's proof are es- 
sentially the same used in the proof given in |28j . The proof given here is different. 

All the algebraic results of this chapter that make sense also for the ring of 
formal power series C[[2:i, . . . , and their quotients, remain true. In many 
cases, especially in deformation theory, we seek for solutions of systems of analytic 
equations but we are able to solve these equation only formally; in this situation 
a great help comes from the following theorem, proved by M. Artin in 1968. 

Theorem HI. 47. Consider two arbitrary morphisms of analytic algebras f : S ^ 
R, g: S ^ C{zi, . . . , (^nd a positive integer s > 0. The inclusion C{zi, . . . , Zn} C 

C[[zi, . . . , Zn\\ and the projection C{zi, . . . , z„} }~ ' ^ give structures of 

(zi, . . .,ZnY 

S -algebras also on C[[2;i, . . . , Zn]] and '^}~ ' . 

(Zl, . . .,ZnY 

Assume it is given a morphism of analytic S-algebras 

C{zi, . ..,Zn} _ C[[zi, . . .,Zn]] 



R 



{zi,...,Zny {zi,...,Zny 
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If (j) lifts to a S-algebra morphism R C[[zi, . . . , then (j) lifts also to a S- 
algebra morphism R C{zi, . . . , Zn}- 

Beware. Theorem IIII.47I does not imply that every hfting R C[[zi, . . . , Zn]] 
is "convergent". 

Proof. This is an equivalent statement of the main theorem of We leave 
as as an exercise to the reader to proof of the equivalence of the two statements. □ 

Exercise III. 48. Use Theorem IlII. 471 to prove: 

(1) Every irreducible convergent power series / G C{zi, . . . , Zn} is also irre- 
ducible in C[[zi, . . . , Zn]]. 

(2) C{zi, . . . , Zn} is integrally closed in C[[zi, . . . , Zn]]- 

A 

Remark III. 49. It is possible to give also an elementary proof of item 2 of 
Exercise IIII.48I fe.g. |51j), while I don't know any proof of item 1 which does not 
involve Artin's theorem. 



CHAPTER IV 



Infinitesimal deformations of complex manifolds 

In this chapter we pass from the classical language of deformation theory to the 
formalism of differential graded objects. After a brief introduction of dg-vector 
spaces and dg-algebras, we associate to every deformation Xq ^ {Xt}t£T (T, 0) 
its algebraic data (Definition IIV.27j) . which is a pair of morphisms of sheaves of 
dg-algebras on Xq. This algebraic data encodes the Kodaira-Spencer map and 
also all the "Taylor coefficients" of t Xt. 

We introduce the notion of infinitesimal deformation as an infinitesimal variation 
of integrable complex structures; this definition will be more useful for our pur- 
poses. The infinitesimal Newlander-Nirenberg theorem, i.e. the equivalence of 
this definition with the more standard definition involving flatness, although not 
difficult to prove, would require a considerable amount of preliminaries in com- 
mutative and homological algebra and it is not given in this notes. 
In Sectional we state without proof the Kuranishi's theorem of existence of semi- 
universal deformations of compact complex manifolds. In order to keep this notes 
short and selfcontained, we avoid the use of complex analytic spaces and we state 
only the "infinitesimal" version of Kuranishi's theorem. This is not a great gap 
for us since we are mainly interested in infinitesimal deformations. The interested 
reader can find sufficient material to ffiling this gap in the papers |59j . |60j and 
references therein. 

From now on we assume that the reader is familiar with the notion of sheaf, sheaf 
of algebras, ideal and quotient sheaves, morphisms of sheaves. 
If is a sheaf on a topological space Y we denote by Ty, y £ Y, the stalk at 
the point y. If ^ is another sheaf on Y we denote by Tiom{T ,Q) the sheaf of 
morphisms from T to Q and by IIom(J'^, Q) = T(Y, T(om(J^, Q)). 

For every complex manifold X we denote by A^'^ the sheaf of differential forms 
of type {p, q) and A*j^* = (Bp^qA^^"^. The sheaf of holomorphic functions on X is de- 
noted by Ox] (i'6sp.: ^*x) is the sheaf of holomorphic (resp.: antiholomorphic) 
differential forms. By definition = ker(5: A*'^ A*'^), Ti*x = ker{d: A°'* 
A^'*); note that (j) G ^^'^ only if cj) e Q*x- 

If S — > X is a holomorphic vector bundle we denote by Ox [E) the sheaf of holo- 
morphic sections of E. 
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1. Differential graded vector spaces 

This section is purely algebraic and every vector space is considered over a fixed 
field K ; unless otherwise specified, by the symbol (g) we mean the tensor product 
(8)]k; over the field IK . 

Notation IV. 1 . We denote by G the category of Z-graded K -vector space. The 

objects of G are the K -vector spaces V endowed with a Z-graded direct sum 
decomposition V = (BiezVi. The elements of Vi are called homogeneous of degree 
i. The morphisms in G are the degree-preserving linear maps. 

11 V = (Bnezyn G G we write deg(a; F) = i G Z if a G V^; if there is no possibility 
of confusion about V we simply denote a = deg(a; V). 

Given two graded vector spaces V,W & G we denote by HomJ^ {V, W) the vector 
space of K-linear maps f: V ^ W such that f{Vi) C Wj+n for every z G Z. Ob- 
serve that Hom^ {V, W) = HomG(V, W) is the space of morphisms in the category 
G. 

The tensor product, (8> : G x G — > G, and the graded Horn, Hom* : G x G ^ G, 
are defined in the following way: given V,W e G we set 

y (g) = (F W)i, where {V ^W)i= ^ Vj ® Wi-j, 
Hom*(y, W) = 0Hom^ {V, W). 

n 

We denote by 

{,):-llom*{V,W)xV^W, {f,v)=f{v) 
the natural pairing. 

Definition IV.2. liV,W e G, the twisting map T: V<^W W^V is the linear 
map defined by the rule T{v <Siw) = {—ly^w (8) v, for every pair of homogeneous 
elements v eV, w e W. 

Unless otherwise specified we shall use the Koszul signs convention. This 
means that we choose as natural isomorphism between V W and W V the 
twisting map T and we make every commutation rule compatible with T. More 
informally, to "get the signs right" , whenever an "object of degree d passes on the 
other side of an object of degree h, a sign (—1)'^^ must be inserted". 
As an example, the natural map {,) : V x Hom*(y, W) W must be defined as 
{v,f) = (— for homogeneous f,v. Similarly, if f,g ^ Hom*(F, VF), their 
tensor product f g <E Hom*(y ^V,W W) must be defined on bihomogeneous 
tensors as (/ (g) g){u <Si v) = {—iy^f{u) g{v). 

Notation IV.3. We denote by DG the category of Z-graded differential K- 
vector spaces (also called complexes of vector spaces). The objects of DG are the 
pairs (y, d) where V = ©V^ is an object of G and d: V V is a linear map, called 
differential such that diVi) C Vi+i and dP = do d = Q. The morphisms in DG are 
the degree-preserving linear maps commuting with the differentials. 
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For simplicity we will often consider G as the full subcategory of DG whose 
objects are the complexes (V, 0) with trivial differential. 

If (V, d), {W, 6) G DG then also {V^W, d^Id+Id^d) £ DG; according to Koszul 
signs convention, since 5 G Hom^ {W, W), we have {Id(E)6){v0w) = {—iyv'SiS{w). 
There exists also a natural differential p on Hom*(y, W) given by the formula 

S{f,v) = {pf,v) + i-l)7{f,dv). 

Given (y,d) in DG wc denote as usual by Z(y) = kcid the space of cycles, by 
B(V) = d{V) the space of boundaries and by H{V) = Z(V)/B{V) the homology 
of V. Note that Z, B and H are all functors from DG to G. 
A morphism in DG is called a quasiisomorphism if it induces an isomorphism in 
homology. 

A differential graded vector space {V, d) is called acyclic if H(y) = 0. 

Definition IV. 4. Two morphisms f,g£ Homj| (V, W) are said to be homotopic 
if their difference f — g is a boundary in the complex Hom*(y, W). 

Exercise IV. 5. Let V,W be differential graded vector spaces, then: 

(1) B.omDG{V,W) = Z^(Rom*{V,W)). 

(2) If / G B^(Rom*{V,W)) C RomT,G{V,W) then the induced morphism 
/: H{V) H{W) is trivial. 

(3) U f,g £ }lom£)G(V,W) are homotopic then they induce the same mor- 
phism in homology. 

(4) V is acyclic if and only if the identity Id: V ^ V is homotopic to 0. 
(Hint: if C C is a complement of Z{V), i.e. V = Z{V) © C, then V is 
acyclic if and only if d: Cj ^ Z{V)i^i is an isomorphism for every i.) 

A 

The fiber product of two morphisms B — and C — in the category DG is 
defined as the complex 

CXdB = 0(C Xd B)n, {C XD B)n = {(c,6) eCnXBnl h{c) = f{b)} 

n 

with differential d{c, b) = {do, db) . 



A commutative diagram in DG 




is called cartesian if the induced morphism A ^ C x^ B is an isomorphism; it 
is an easy exercise in homological algebra to prove that if / is a surjective (resp.: 
injective) quasiisomorphism, then 5 is a surjective (resp.: injective) quasiisomor- 
phism. (Hint: if / is a surjective quasiisomorphism then ker/ = ker^ is acyclic.) 



For every integer n G Z let's choose a formal symbol l[n] of degree —n and 
denote by K[n] the graded vector space generated by l[n]. In other terms, the 
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homogeneous components of K [n] G G C DG are 

( K if i + n = 
K \n\i = < „ ^1 

^ [ U otherwise 

For every pair of integers n,m £ 1^ there exists a canonical hnear isomorphism 
5™ G Hom^~'"(IC[n],lCH); it is described by the property 5™(l[n]) = l[m]. 

Given n G Z, the shift functor [n] : DG DG is defined by setting V[n] = 
K[n](^V,VG DG, f[n] = IdK[n] ®f,f^ MorDG- 

More informally, the complex V[n] is the complex V with degrees shifted by n, i.e. 

= ^+n) and differential multiplied by (—1)". The shift functors preserve 
the subcategory G and commute with the homology functor H. If u G 1^ we also 
write = ® f G V[r}]. 

Exercise IV. 6. There exist natural isomorphisms 

HomJ (y, W) = Home (^[-n], 1^) = HomG(l^, W[n]). 

A 

Example IV. 7. Among the interesting objects in DG there are the acyclic com- 
plexes ^[n] = IK[n] (g) where = (Oq © ^i,d), VIq = Q.i = and 
d: VIq r^i is the canonical linear isomorphism (i(l[0]) = 1[— !]• The projection 
p: n ^ = and the inclusion — > O are morphisms in DG. 

Exercise IV. 8. Let V^W be differential graded vector spaces, then: 

(1) In the notation of Example IIV.7| two morphisms of complexes f,g: V ^ 
W are homotopic if and only if there exists h G Homocl^) ^ ® such 
that f — g = {p ® Id\w) ° h- 

(2) If f,g: V ^ W are homotopic then / /i is homotopic to g®h for every 
h: V W. 

(3) (Kiinneth) If V is acyclic then V ®U \s acyclic for every U G DG. 

A 



2. Review of terminology about algebras 

Let be a commutative ring, by a nonassociative (= not necessarily associative) 
-R-algebra we mean a -R-module M endowed with a i2-bilinear map M x M ^ M. 
The nonassociative algebra M is called unitary if there exist a "unity" 1 G M 
such that Im = ml = m for every m G M. 

A left ideal (resp.: right ideal) of M is a submodule I G M such that MI C / 
(resp.: IM C /). A submodule is called an ideal if it is both a left and right ideal. 
A homomorphism of i?- modules d: M ^ M is called a derivation if satisfies the 
Leibnitz rule d{ab) = d{a)b + ad{b). A derivation d is called a differential if 
d^ = dod = 0. 

A ii-algebra is associative if {ab)c = a{bc) for every a,b,c G M. Unless otherwise 
specified, we reserve the simple term algebra only to associative algebra (almost 
all the algebras considered in these notes are either associative or Lie). 
If M is unitary, a left inverse of m G M is an element a £ M such that am = 1. 
A right inverse of m is an element b G M such that mb = 1. 
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If M is unitary and associative, an element m is called invertible if has left and 
right inverses. It is easy to see that if m is invertible then every left inverse of m 
is equal to every right inverse, in particular there exists a unique G M such 
that mm~^ = m~^m = 1. 

Exercise IV.9. Let 5 be a Riemannian metric on an open connected subset 

U C M" and let (f>: U ^ M he a differentiable function (called potential). 
Denote by i? = C°°{U, M) and by M the (free of rank n) i?-module of vector fields 
on U. If system of linear coordinates on R" denote by: 

(1) di = ^ eM, 4>ijk = didjdk4> G R. 

(2) gij = g{di, dj) e R and g^^ the coefficients of the inverse matrix of gij. 

(3) di*d,=^cPijig'''dk 

k,l 

Prove that the i?-linear extension M x M — > M of the product * is indepen- 
dent from the choice of the linear coordinates and write down the (differential) 
equation that (/) must satisfy in order to have the product * associative. This 
equation is called WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equation and it is 
very important in mathematics since 1990. A 



3. dg-algebras and dg-modules 

Definition IV. 10. A graded (associative, Z-commutative) algebra is a graded 
vector space A = (BA^ G G endowed with a product A^ x Aj — A^^j satisfying 
the properties: 

(1) a{bc) = {ab)c. 

(2) a{b + c) = ab + ac, (a + b)c = ac + be. 

(3) (Koszul sign convention) ab = (— l)"''6a for 0,6 homogeneous. 

The algebra A is unitary if there exists 1 G ^0 such that la = al = a for every 

ae A. 

Let ^ be a graded algebra, then Aq is a commutative IK -algebra in the usual 
sense; conversely every commutative K -algebra can be considered as a graded 
algebra concentrated in degree 0. If I C A is a homogeneous left (resp.: right) 
ideal then / is also a right (resp.: left) ideal and the quotient A/I has a natural 
structure of graded algebra. 

Example IV. 11. The exterior algebra A = /\* V of a K -vector space V, endowed 
with wedge product, is a graded algebra with Ai = /\* V. 

Example IV.12. (Polynomial algebras.) Given a set {xi}, i G /, of homoge- 
neous indeterminates of integral degree G Z we can consider the graded algebra 
IK [{xj}]. As a IK -vector space IK [{xj}] is generated by monomials in the indeter- 
minates Xi subjected to the relations XiXj = {—ly^^^xjXi. 

In some cases, in order to avoid confusion about terminology, for a monomial 
xf^ . . . " it is defined: 
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• The internal degree J2h^ih^h- 

• The external degree a^. 

In a similar way it is defined v4[{xi}] for every graded algebra A. 

Exercise IV. 13. Let ^ be a graded algebra: if every a 7^ is invertible then 

A = Aq and therefore ^4 is a field. 

Give an example of graded algebra where every homogeneous a / is invertible 
but A^ Aq. a 

Definition IV.14. A dg-algebra (differential graded algebra) is the data of a 
graded algebra A and a IK -linear map s: A ^ A, called differential, with the 
properties: 

(1) siAn) C An+1, = 0. 

(2) (graded Leibnitz rule) s{ab) = s{a)b + ( — l)"as(6). 

A morphism of dg-algebras is a morphism of graded algebras commuting with 
differentials; the category of dg-algebras is denoted by DGA. 

Example IV.15. Let U be an open subset of a complex variety and denote by 

= ®p+q=i^{U,A^'^). Then T{U,A*jf) = ®Ai admits infinitely many structures 
of differential graded algebras where the differential of each one of is a linear 
combination ad + bd, a,b G C 

Exercise IV. 16. Let {A,s) be a unitary dg-algebra; prove: 

(1) 1 G Z{A). 

(2) Z{A) is a graded subalgebra of A and B{A) is a homogeneous ideal of 
zIa). In particular 1 e B{A) if and only if H{A) = 0. 

A 

A differential ideal of a dg-algebra (A, s) is a homogeneous ideal I of A such that 
s{I) C /; there exists an obvious bijection between differential ideals and kernels 
of morphisms of dg-algebras. 

On a polynomial algebra a differential s is uniquely determined by the 

values s{xi). 

Example IV.17. Let t,dt be indeterminates of degrees t = 0, dt = 1; on the 
polynomial algebra K [t, dt] = K [t] © IK [t]dt there exists an obvious differential d 
such that d{t) = dt, d{dt) = 0. Since K has characteristic 0, wc have H(K [t, dt]) = 
K . More generally if {A, s) is a dg-algebra then A[t, dt] is a dg-algebra with 
differential s(a(g)p(t)) = s{a)i^p{t) + {-l)"'aiSip'{t)dt, s{ai^q{t)dt) = s{a)iSiq{t)dt. 

Definition IV.18. A morphism of dg-algebras B ^ A is called a quasiisomor- 
phism if the induced morphism H{B) H{A) is an isomorphism. 

Given a morphism of dg-algebras B ^ A the space Der^(^, A) of 5-derivations 
of degree n is by definition 

Derl{A,A) = {.^ G Hom|(A^) | (/)(a6) = (^(a)6 + (-l)'*"a(^(6), 0(5) = 0}. 

We also consider the graded vector space 

Ber*siA,A)= ^BeTl{A,A)eG. 
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There exist a natural differential d and a natural bracket [— , — ] on Der|j(yl, ^) 
defined as 

d : Der^ {A,A)^ Der^+i {A, A), d(t> = dA(t) Ha 

and 

[/,5]=/5-(-lp5/- 

Exercise IV.19. Verify that, if / G Der^(^, A) and g e Der^(^, A) then [/, g] e 
BevP+\A,A) and d[f,g] = [df,g] + {-lyif^dg]. A 

Let {A, s) be a fixed dg-algebra, by an ^-dg-module we mean a differential graded 
vector space (M, s) together two associative distributive multiplication maps A x 
M M, M X A^ M with the properties: 

(1) AiMj C Mi+j, MiAj_C Mi+j. 

(2) (Koszul) am = (— l)""^ma, for homogeneous a G A, m G M. 

(3) (Leibnitz) s{am) = s{a)m + (— l)"as(m). 

If A = Aq we recover the usual notion of complex of A-modules. 

Example IV. 20. For every morphism of dg-algcbras B ^ A the space Der^(j4, A) = 
©pDer^(A, yl) has a natural structure of A-dg-module, with left multiplication 

(a/)(6)=a(/(6)). 

If A4 is an ^d-dg-module then M[n] = IC [ra] (8)k M has a natural structure of 
A-dg-module with multiplication maps 

(e (g) m)a = e (g) ma, a(e (g) m) = (— l)""e (g am, e G K [n], m G M, a G ^. 

The tensor product N ®a M is defined as the quotient of A'' (gx M by the graded 
submodules generated by all the elements na®m — am. 
Given two A-dg-modules (M, c/m), {N, cZat) we denote by 

Hom^(M, AT) = { / G Hom| (M, AT) | /(ma) = /(m)a, m G M, a G A} 
Hom^(M,Ar) = 0Hom^(M,Ar). 

The graded vector space Hom^(M, A^) has a natural structure of ^-dg- module 
with left multiplication {af ){m) = af{m) and differential 

d: Hom:|(M, AT) ^ Hom^+i(M, AT), d/ = [d, /] = o / - (-1)"/ o du- 

Note that / G Hom^(M, A^) is a morphism of ^-dg- modules if and only if df = 
0. A homotopy between two morphism of dg-modules f,g: M N is a, h G 
Hom^^(M, A") such that f — g = dh = dp^h + hdu- Homotopically equivalent 
morphisms induce the same morphism in homology. 

Morphisms of ^-dg-modules f : L ^ M, h: N ^ P induce, by composition, 
morphisms /* : Hom^(M, A^) ^ Hom^(L, N), K: Hom^(M, N) Hom^(M, P); 

Lemma IV. 21. In the above notation if f is homotopic to g and h is homotopic 

to I then f* is homotopic to g* and h is homotopic to /i*. 

Proof. Let p G Hom^^ (L,M) be a homotopy between / and g, It is a 
straightforward verification to see that the composition with p is a homotopy 
between /* and g*. Similarly we prove that /t* is homotopic to Z*. □ 
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Lemma IV.22. (Base change) Let B be a morphism of unitary dg-algebras, 
M an A-dg-module, N a B-dg-modules. Then there exists a natural isomorphism 
of B-dg-modules 

Hom^(M, N) ~ Hom^(M ®aB,N). 
Proof. Consider the natural maps: 

Hom^(M, N) -r-^ Hom^(M ®aB,N) , 
R 

Lf{m (8) 6) = f{m)b, Rg{m) = g{m (8) 1). 

We left as exercise the easy verification that L, R are isomorphisms of B-dg- 

modulcs and R = L~^. □ 

Given a morphism of dg-algebras B ^ A and an ^-dg-module M we set: 
Der^(AM) = {0 G Hom|(A, M) | (/.(a^^) = <^(a)6 + (-l)"^a0(6), </)(S) = 0} 

Der^(AM)= eDer^^(AM). 

As in the case of Hom*, there exists a structure of A-dg-module on Der^(A, M) 
with product {a(j>){b) = a4>{b) and differential 

d: Der^(A,M) ^ Der^+i(A,M), # = [d,(t>] = - {-ITHa- 

Given (j) G Der^(yl, M) and / G Hom^(M, A/") their composition fcj) belongs to 
Der^+™(A A^). 



4. Kodaira-Spencer's maps in dg-land 

In this section, we define on the central fibre of a deformation a sheaf of differen- 
tial graded algebras B which contains (well hidden) the "Taylor coefficients" of the 
variation of the complex structures given by the deformation (the first derivative 
being the Kodaira-Spencer map). 

Lemma IV. 23. Let U be a differential manifold (not necessarily compact), A C 
C" a polydisk with coordinates ti, . . . ,tn and f{x, t) £ C°°{U x A, C). 
Then there exist fi, . . . , /„, fj,...,fnE C°°{U x A, C) such that 

df df 
/i(x,0) = ^(x,0), /.(x,0) = ^(x,0) and 

fix, t) = fix, 0)+J2 *) + H t). 

Proof. The first 2 equalities follow from the third. Writing tj = uj + ivj, 
tj = Uj — ivj , with Uj , Vj real coordinates on = M^" we have 

fix,u,v)=fix,0,0) + J —fix,su,sv)ds = 

d l'^ d 

= f ix, 0,0) + '^Uj —fix,su,sv)ds + '^VjJ^ —fix,su,sv)ds 

Rearranging in the coordinates tj, tj we get the proof. □ 
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Let X be a fixed complex manifold; denote by Ver^* {A^x* , A^x* ) C Tiom{A^x , A^x*) 

the sheaf of rj^-derivations of the sheaf of graded algebras Ax*; we have the fol- 
lowing 

Proposition IV. 24. In the notation above there exists a natural isomorphism 
of sheaves 

6: A'/iTx)^Ver^,{A'/,A'/). 
In local holomorphic coordinates zi, . . . , Zm, 

e: A'^{Tx) - Ver^, {A\\A\*) C Ver^iA^^ , A'^) 

f d \ df _ 

is given by 6 ( j ifdzi) = </> A -Q^dzi. 

The Dolbeault differential in ^^*(Tx) corresponds, via the isomorphism 9, to the 
restriction to T>er^* (^^*,^^*) of the adjoint operator 

[a,-]: Verl(A'^,A'^)^Verl^\A\\A'^). 

Proof. The morphism 9 is injective and well defined. Let ?7 C X be an 
open polydisk with coordinates z\, . . . , Zm- Take e G T{U,Verl^,{AJ,A\*)) and 

denote (/>i = ^(zj) G T{U, A^^). We want to prove that ^ = 9 ' 

Since, over [/, J^x is generated by J^x ^^^d O^, it is sufficient to prove that for 

every open subset V <Z U , every point x (zV and every C~-function / E T{V,A^^) 

df 

the equality i{f){x) = Y.i<t)i^{x) holds. 

* 

If Zi{x) = Xi £ C, then by Lemma llV. 231 we can write 

m m 
f{zi, ...,Zm)= f{xi, . . . ,Xm) + ^{Zi-Xi)fi{zi, . . . , Zjn)+^^{zi-Xi) f-^{zi, . . . , Zm) 

i=l i=l 

for suitable C°° functions /j, fj, therefore 

m m Qj, 

^{f){x) = ^^i^i - Xi)fi{xi,. ..,Xm) = ^4>i-Q^{x). 

i=l i=l * 

In particular, for ^,r] £ T{U^T>er—, (^^*,^^*)), we have ^ = r/ if and only if 

i{zi) = ri[zi) for i = l,...,m. Since dVtx C Q-x-> the adjoint operator [5,—] 
preserves ^e?"^* i^x ' -^x ) ' moreover 



)— 

dzi 



Zj, 



and then 9d = [d, -]9. □ 

According to Proposition IIV.241 the standard bracket on Ver^, {J^x i-^x) 
duces a bracket on the sheaf ^^*(Tx) given in local coordinates by 



J7^(^l^9T^dzj 

UZi OZj 



,dgd df d . , 
9T^Tr- dzi A rfzj. 

OZi OZj OZj OZi 
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Note that for f,g ^ r{U,Ajl C^x)), [f^d] is the usual bracket on vector fields on 
a differentiable manifolds. 

Let B C C" be an open subset, G B, and let Mo^M-^(S,0) be a defor- 
mation of a compact complex manifold Mq; let ti, . . . , be a set of holomorphic 
coordinates on B. 

It is not restrictive to assume Mq C M and i the inclusion map. 

Definition IV. 25. In the notation above, denote by Im C A*^^ the graded ideal 
sheaf generated by ti, dti, dti. Denote by B*j^'j the quotient sheaf A*j^/Im-^ 

If zi, . . . , Zm,ti, . . . ,tn are admissible (Defn. II.29|) local holomorphic coordinates 
on an admissible chart W C M , W c::^ {W D Mq) x A, G A C i? polydisk, then 
every (j) £ T{W,B*j^) has a representative in T{W,A*j^j) of the form 

Mz) + Y,tiMz,t), Mz) G r{wnMo,A*j^l), ^i g r(VF,^*;). 

i 

By a recursive use of Lemma riV.23l we have that, for every s > 0, is represented 
by 

\I\<s \I\=s 

The ideal sheaf Im is preserved by the differential operators d, d, d and therefore 
we have the corresponding induced operators on the sheaf of graded algebras . 
Denoting by C B*^,j the image of A^£j we have that is a sheaf of dg- 
algebras with respect to the differential d. 

Lemma IV. 26. In the notation above, let U,V <Z M he open subsets; ifUDMQ = 
V n Mq then T{U,B*j^j) = T{V,B*j^.j) and therefore B*£^ is a sheaf of dg-algebras 
over Mq. 

Proof. It is not restrictive to assume V C U, then U = V U {U — Mq) 
and by the sheaf properties it is sufficient to show that T(U — Mq,B'^j) = T(y — 
Mq, Bl^) = 0. More generally if [/ C M is open and C/n Mq = then T{U, Blf) = 
0; in fact there exists an open covering U = L)Ui such that ti is invertible in Ui. 
If W C Mq is open we define T{W,B*^,j) = T{U,B*^.j), where U is any open subset 
of M such that U nMQ = W. □ 

The pull-back i* : A*j^j — > ^4.^* factors to a surjective morphism i* : B*j^^ — > A*j^^ 
of sheaves of differential graded algebras over Mq. 

Note also that the image in B*£^ of the sheaf of antiholomorphic differential forms 
is naturally isomorphic to the sheaf f^2/o- f^^t if zi, . . . , Zm, ti, . . . , i„ are 
local admissible coordinates at a point p G Mq and il) G then 

= ^^h,...,u{z)d:zj^ ^ . . . ^dzj^ {modU, d£l), 5'0ji,„,j, = 0. 



It is also possible to define B as the quotient of A by the ideal generated by ti, dti, dti and 
the C°° functions on B with vanishing Taylor series at 0: the results of this chapter will remain 
essentially unchanged 
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i f 

Therefore to every deformation Mq — >-M — >(-B,0) we can associate an injective 
morphism of sheaves of dg-algebras on Mq: 



/ 



Definition IV.27. The algebraic data of a deformation Mq — >M — >{B,0) is 
the pair of morphisms of sheaves of dg-algebras on Mq: 

We note that / injective, i* surjective and i*f the natural inclusion. Moreover 
/ and i* commute with both differentials d, d. 



If Mq — >N — >(-B,0) is an isomorphic deformation then there exists an isomor- 

3*)* 12*)* 



phism of sheaves of dg-algebras B*jC — > B*ff which makes commutative the diagram 



9 

B 



f 



Mo 



B 



M 



N 



■A 



Mo 



Similarly if (C, 0) ^ {B, 0) is a germ of holomorphic map, then the pull-back of 
differential forms induces a commutative diagram 



Mo 



JO*,* 

'^MxbC 



^M 



■ A*'* 



Before going further in the theory, we will show that the Kodaira-Spencer map 
of a deformation Mq— — >{B,0) of a compact connected manifold Mq can be 

recovered from its algebraic data ^^Mq^^'^m^^'^Mo 

Lemma IV.28. In the notation above, consider as a sheaf of B^j^ -modules 
with the structure induced by i* and denote for every j >0. 

VerL.{Bl\AX) 



^M 



i* Tier-* {AjIj^^ , Aj^^ ) 
Then there exists a natural linear isomorphism 

To,B = kcr(r(Mo,rii) ^ r(Mo,r^), h^d^h- hds). 

Proof. We consider Tq^b as the C-vector space of C-derivations Ob,o ~^ C. 
Let h G r(Mo^Per^. (^m ' -^Mq)) be such that d^h - hde G i* Ver^ (^^;, ^X); 
in particular dh{ti) = for every i, the function h{ti) is holomorphic and then 
constant. Moreover, h{ti) = for every i if and only if /t(ker?*) = if and only if 
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This gives a linear injective morphism 

ker(r(Mo,r^) ^ r{Mo,rli)) ^ To,b. 

To prove the surjectivity, consider a derivation 6: Ob,o C and let Mq = UUa, 
a G T, be a locally finite covering with every Ua open polydisk with coordinate 
systems zf,...,z'^:Ua^C Let ti, . . . , t„ be coordinates on B. 
Over Ua, every </) G can be written as (j)o{z) + '^ti(j)i{z) + ^titj . . ., with 
(/>i G -^Mo' Setting /ia(</') = see immediately that ha is a ^2^^- 

derivation lifting 6. Taking a partition of unity pa subordinate to the covering 
{Ua}, we can take h = J2a Paha- □ 

Let h E r(Mo, Per^, {B'I;; , A^j^l)) be such that V = dAh-hde € Peri^* (A^j^l , A^^J 
and let 6: Ob,o ^ C be the corresponding derivation, 5{ti) = h{ti). 
According to the isomorphism (ProDosition lIV.24]l T^erL^ (-^Mo ' "^Mq ) ~ "^Mq C^Mq ) 
we have V G r(Mo, ^°'H^Mo))• 
Moreover, being ip exact in the complex T^erl^* ("^m > "^Mq)' closed in ^er^, (^^'^* , ), 

^ is a 9-closed form of r(Mo, ^"^'^(Ta/o)) and the cohomology class [V'] G H^{Mq,Tmq) 
is depends only on the class of h in r(Mo, T^j). It is now easy to prove the following 

Proposition IV. 29. In the above notation, [ip] = [dh — hd] = KS/((5). 

Proof, (sketch) Let -q e r{M,A'j^^{TM)) be a complexified vector field such 
that (/*??) (0) = 6. We may interpret r/ as a fi^f-derivation of degree rj: A^j^^ 
A^£^; passing to the quotient we get a n^fo"*^^^^^^*^^'^ h- — > -4^!^* . The condi- 
tion (/*??) (0) = 6 means that h lifts S and therefore ip corresponds to the restriction 
of dr] to the fibre Mq • D 



5. Transversely holomorphic trivializations 

Definition IV. 30. A transversely holomorphic trivialization of a deformation 
Mo-^M^{B,0) is a diffeomorphism (p: Mq x A ^ /^H^) such that: 

(1) A C B is an open neighbourhood of the base point £ B 

(2) (j){x,0) = i{x) and /</> is the projection on the second factor. 

(3) For every x S Mq, (j)'- i^} x A — > M is a holomorphic function. 

Theorem IV. 31. Every deformation of a compact complex manifold admits a 
transversely holomorphic trivialization. 

Proof, (cf. also [JH]) Let /: M ^ _B be a deformation of Mq; it is not 
restrictive to assume B C C" a polydisk with coordinates ti, . . . ,tn and £ B the 
base point of the deformation. We identify Mq with the central fibre /^^(O). 
After a possible shrinking of B there exist a finite open covering M = UWa, 
a = 1, . . . ,r, and holomorphic projections pa- Wa Ua = Wa H Mq such that 
(pa, f) : Wa Ua X B is a biholomorphism for every a and Ua is a local chart with 
coordinates zf : [/„ ^ C, i = 1, . . . , m. 

Let Pa ■ Mq [0, 1] be a C°° partition of unity subordinate to the covering {Ua} 
and denote Va = Pa^{]0,l]); we note that {Va} is a covering of Mq and Va C Ua- 
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After a possible shrinking of B we may assume Pa^i^a) closed in M. 
For every subset C C {1, . . . , r} and every x G Mq we denote 

He = I []Wa - [j PaHVa)] X i []Ua - ]JVa \ C M X Mo, 
\aeC a^C J \aeC a^C J 

C^ = {a\xeVa}, H = (jHc. 

c 

Clearly (x, x) G Hc^ and then H is an open subset of M x Mq containing the graph 
G of the inclusion Mq — M. Since the projection pr: M x Mq — M is open and 
Mq is compact, after a possible shrinking of B wc may assume pr{H) = M. 
Moreover if (y, x) G H and x & Va then (y, x) G i^c for some C containing a and 
therefore y G I^/^q. 

For every a consider the C°° function Qa'. H f] (M x [/„) — C"*, 
Qa{y,x) =^pb{x)—^{x)iz\pb{y)) - z^{x)). 

b 

By the properties of H, qa is well defined and separately holomorphic in the 
variable y. If (y, x) e H n {M x {Ua D Uc)) then 

<lc{y,x) = —{x)qa{y,x) 

and then 

r = {(y, x) G -H" I ^"0(2/, x) = whenever x G C/q} 
is a well defined closed subset of H. 

If y G K C Mq and x is sufficiently near to y then x G (HfteCy ^6 ~ Ufc^c H) ^'^d, 
for every b & Cy, 

z"[y) = z"[x) + 

Therefore 



z\y) = z\x) + ^(x)(z"(y) - z«(x)) + o(||z"(y) - ^"(x) 



g„(y,x) = ^«(y) - ^«(x) + o{\\z%y) - ^«(x)||). 

In particular the map x 1— > 90(2/) x) is a local diffeomorphism at x = y. 

Denote K C H the open subset of points (y, x) such that, if y G Pa^i^a) then 

■u I— >■ ga(y) has maximal rank at « = x; note that K contains G. 

Let Fo be the connected component of Fflif that contains G; Fq is a C°°-subvariety 

of K and the projection pr: Fq ^ M is a local diffeomorphism. Possibly shrinking 

B we may assume that j»r : Fq — > M is a diffeomorphism. 

By implicit function theorem Fq is the graph of a C°° projection 'y: M —>■ Mq. 
After a possible shrinking of B, the map (7, f): M ^ Mq x B is a diffeomorphism, 

take0=(7,/)-^ 

To prove that, for every x G Mq, the map t 1-^ <p{x,t) is holomorphic we note 
that /: 0({x} X 5) — > S is bijective and therefore ^(x, — ) = f~^pr: {x} x B ^ 
(f){{x} X B). 

The map : B —>■ ^({x} x B) is holomorphic if and only if ^({x} x B) = 7~^(x) 
is a holomorphic subvariety and this is true because for x fixed every map y 1— > 
9a (2/) a^) is holomorphic. □ 
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Let zi, . . . , Zm,ti, . . . ,tn be an admissible system of local coordinates at a point 
p G Mo C M. zi, . . . ,Zm,ti, . . . ,tn is also a system of local coordinates over 
Mo X B. 

In these systems, a transversely holomorphic trivialization 0: Mo x i? ^ M is 
written as 

(f){z,t) = {(j)i{z,t), . . . ,4>m{z,t),ti, . . . ,tn), 

where every <^j, being holomorphic in ti, . . . can be written as 

4)i{z,t) = Zi + ^t^(j)ij{z), I = (l)ijeC°°. 

I>0 

In a neighbourhood of p, 

(f>*dzi = dzi + '^t^'^ f^^dzj + ^^dz] \ , (mod Imqxb), 
i>o j=i ^ ^ 

(f)*dzl = dizl, (mod Imqxb)- 

Lemma IV. 32. Every transversely holomorphic trivialization (j): Mq x B ^ M 
induces isomorphisms of sheaves of graded algebras over Mq 



making commutative the diagrams 

''Mo ^ '^M ^'Mo ^ •'^M 



K*:* ^ f30,* aO,* 

^Mo X B -^Mo i^Mo X B ^ -^Mo 

Beware: It is not true in general that, for p > 0, (j)*(BP''^) C B^''^. 
Proof. For every open subset U C M, the pull-back 

is an isomorphism preserving the ideals Im and ImqxB- Since U H Mo = (p^^ iU) H 
Mo, the pull-back (p* induces to the quotient an isomorphism of sheaves of graded 
algebras (j)*: B]^ ■S^/*xB- 

Prom the above formulas follows that (l)*{B^~^) C ®q<pB'MoxB ^^'^ ^* 
identity on This shows that <j)*{B^j^) = B^^^^ and proves the commutativity 
of the diagrams. □ 

The d operator on A*^^ factors to B^ and therefore induces operators 

d: Bl* Bl*^\ d, = <l>*d{^T' ■■ bXxB - B'mTxB- 
li zi, . . . , Zm,ti, . . . ,tn are admissible local coordinates at p G Mq, we have 

m 

((p*)~^dzi = dzi + Ujjdzj + bijdzj, (mod Im), 

where C°° functions vanishing on Mq and 

{4>*)~^d:zl = dizl, (mod Im)- 
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Thus we get immediately that d(j){dzi) = 0. Let's now / be a C°° function in a 
neighbourhood of p G C/ C Mq x B and let vf : A*^^ —>■ A^^,^ be the projection. By 
definition 9,^/ is the class in of 

1=1 * i=l * 

and then 

— — df 

If ip: Mq X i? — > M is another transversely holomorphic trivialization and 9 = 
(t)*{'4)*)-^ then = Od^e-^. 

6. Infinitesimal deformations 

Let Mq — >M — >(S,0) be a deformation of a compact complex manifold and 
J <Z Oba Si proper ideal such that \/l = ms^o; after a possible shrinking of B we 
can assume that: 

(1) B C is a polydisk with coordinates ti, . . . , t„ and J is generated by a 
finite number of holomorphic functions on B. 

(2) f : M ^ B is a family admitting a transversely holomorphic trivialization 
(p: MqX B ^ M. 

Denote by {X,0) the fat point (5,0, J) and by Ox,o = Ob,o/J its associated 
analytic algebra. If o then the holomorphic functions , I = (ii, . . . , 
|/| < s, generate Ox,o as a C-vector space. 

Denote by Im,j C A*j^ the graded ideal sheaf generated by Im and J, 13*j^^ j = 
A*jI^ /Im,j = /[J)^ Om,j = Om /{J)- The same argument used in Lemma llV.261 
shows that B*^^^ j and Om,j are sheaves over Mq. In the same manner we define 

Lemma IV. 33. Let U C Mq 6e an open subset, then there exist isomorphisms 

r/ie same /loWs for M instead of Mq x B provided that U is contained in an 
admissible coordinate chart. 

Proof. We have seen that every (p £ T{U,B^,j^^q j) is represented by a form 
J2\i\<s t^4>u with 4>j G T{U,Afj^j^). Writing every t^ as a linear combination of the 
elements of a fixed basis of Oxfi and rearranging the terms we get the desired 
result. The same argument applies to OmoxB,j and, if U is sufficiently small, to 

Corollary IV.34. Om,j = ^er(d: B'j'? j B^'^ ' 



M,.J '~'M,JI- 

Proof. If f7 C Mq is a sufficiently small open subset, we have T{U,B\ 
keT(d:T{U,Bl''j^r{U,Bllj)] 
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= ker (d: r(C/,^°V° ) ® Ox,o ^ r(C/,^°Vo) ® ^^-o) = ^A^--^) 



□ 



The transversely holomorphic trivialization <j) gives a commutative diagram of 
morphisms of sheaves of graded algebras 




•oO,* aO,* 



with (p* an isomorphism. The operator d^f, = <j)*d{(l)*) ^ is a Ox,o-derivation of 

?0,* •oO,*+l 
^MoxB,J ~^ "MqxB.J 



degree 1 such that 9^ = ^ [d^, d^] = and then rj^ = d^ — d: xB j ^ ^5'*^^ 



is a Ox.o-derivation. 

According to Lemma llV.331 we have B^,^^^^^ j = ^4,^^* ® C>x,o', moreover, if 
go = 1, gi{t), . . . , gr{t) is a basis of Ox,o with gi £ mx,o for i > 0, then we 
can write r]^ = Yli^Q gi{t)r]i, with every 7]i a O^fo "derivation of degree 1 of Aj^^^. 
By Proposition HEHry^ € r(Mo, ^O'^Tmo)) ® mx,o._ 
In local holomorphic coordinates zi, . . . , we have d^{dzi) = and 

for every function /. The U- ■ are functions on Mq. 

A different choice of transversely holomorphic trivialization -0: Mq x B ^ M 
gives a conjugate operator 9^ = 9d^9~^, where 6 = 

This discussion leads naturally to the definition of deformations of a compact 
complex manifolds over a fat points. 

Definition IV. 35. A deformation of Mq over a fat point (X, 0) is a section 

ri E r(Mo, ^°'i(rMo)) mx,o = DerJ^.^^^ (^°';;, ® mx,o 

such that the operator d + rj £ Derjj^ ^ (-^Mq ^Xfl, ^^fo ^^>o) is a differential, 
i.e. [9 + r/, 9 + r/] =0. 

Two deformations r],fj,£ r{MQ,A^'^{TMo)) 53 tnx,o are isomorphic if and only if 
there exists an automorphism of sheaves of graded algebras 6: -4.^* (gi Ox,o 
-^Mo ^^x,o commuting with the projection A^£^^ (^Ox,o -^^Mq ^^'^ leaving point 
fixed the subsheaf fi^fo ^x,o such that d + fi = 9{d + ri)6~^ . 

According to lIV.24l the adjoint operator [9, — ] corresponds to the Dolbeault dif- 
ferential in the complex A^'*{Tmq) and therefore {d + r/)^ = if and only if 
r] G T{Mq, A^'^ {Tmo)) ®mx,o satisfies the Maurer-Cartan equation 

+ i[7?,7?] = e r(Mo,^°'2(rA/o)) ®mx,o- 
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We denote with both DefMo(-^)O) and DefAfo(C'x,o) the set of isomorphism 
classes of deformations of Mq over (X, 0) . By an infinitesimal deformation we 
mean a deformation over a fat point; by a first order deformation we mean a 
deformation over a fat point {X, 0) such that mx,o 7^ and o ~ 

The Proposition IIV.291 allows to extend naturally the definition of the Kodaira- 
Spencer map KS: Tq x ^ H^{Mq,Tm(,) to every infinitesimal deformation over 
(X,0). 

Consider in fact 5 £ Derc(C'x,Oi C) = Tq^x, then 

h = Id^5: ^0^; Ox,o ^ 
is a fi^fg -derivation lifting 6. Since 

(dh-h(d + r^)){f(S>l)=h{-7j{f)) 
we may define KS(5) as the cohomology class of the derivation 

which corresponds, via the isomorphism of Proposition 111^.241 to 

(/d®5)(-7?) Gr(Mo,^°'i(rMo)), 

where T{Mo,A°''^{Tmo))(^ mxfl- According to the Maurer-Cartan equation 
dv = -h[v,v] e T{Mo,A'^''^{Tmo)) ® and then 

d{{Id 6){-7])) = {Id 6){-dri) = 0. 

A morphism of fat points {Y, 0) {X, 0) is the same of a morphism of local C- 
algebras a: Oxfl Oy,o', It is natural to set Id®a{r}) G V{MQ,AP'^{TMo))®mY,o 
as the pull-back of the deformation r]. It is immediate to see that the Kodaira- 
Spencer map of Id® a{r]) is the composition of the Kodaira-Spencer map of r/ and 
the differential a: Ty,o — > Tx,o- 



7. Historical survey, IIVI 

The importance of infinitesimal deformations increased considerably after the 
proof (in the period 1965-1975) of several ineffective existence results of semiuni- 
versal deformations of manifolds, of maps etc., over singular bases. 
The archetype of these results is the well known theorem of Kuranishi (1965) I45j . 
asserting the existence of the semiuniversal deformation of a compact complex 
manifold over a base which is an analytic singularity. An essentially equivalent 
formulation of Kuranishi theorem is the following 

Theorem IV. 36. Let Mq be a compact complex manifold with n = h^{MQ,TMf)), 
r = h\Mo,TMo). 

Then there exist a polydisk A C C", a section rj G r(M, ^"'-"^(Tj)), being M = 
Mo X A and / : M — > A the projection, and q = {qi, . . . , qr) : A ^ C" a holomor- 
phic map such that: 

(1) g(0) = and — — (0) = for every i,j, being holomorphic 

Otj 

coordinates on A. 
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(2) r] vanishes on Mq and it is holomorphic in ti, . . . ,tn; this means that it 
is possible to write 

V = ^t'r]i, I = {ii,...,i^), ry/ Gr(Mo,^°'i(rMo)). 

(3) rj satisfies the Maurer-Cartan equation to modulus qi, ■ ■ ■ ,qs, i-e. 

5r/+^[r?,r/] G^g,r(M,^0'2(ry)). 

(4) Given a fat point [X, 0) the natural map 

r]-. MorAn(CA,o/(gi, • • ■,qs),Ox,o) ^ DefMoi^,^), " ^ 
is surjective for every {X,0) and bijective whenever Ox,o = 

It is now clear that the study of infinitesimal deformations can be used to deduce 
the structure of the holomorphic map q and the existence of the semiuniversal 
deformation over a smooth base. For example we have the following 

Corollary IV. 37. Let Mq be a compact complex manifolds such that for every 
n > 2 the natural map DefAfo(C[t]/(P)) DefA/o(C[t]/(t2)) is surjective. Then 
Mq has a semiuniversal deformation Mq — >M — >{H^{Mq,Tmo),0)- 

Proof, (sketch) In the notation of Theorem lIV.36l we have {qi, . . . ,qs) C q 
and then, according to ProDosition lIII.71 qi = . . . = qs = 0- In particular r/ satisfies 
the Maurer-Cartan equation and by the Newlander-Nirenberg's theorem (cf. jHl 
1.4], [fSj ) the small variation of almost complex structure 2.1, 2.5], j78j 

'/ • -^M ^ -^M ' 'I ■ M ^ ^ M 

is integrable and gives a complex structure on M with structure sheaf OM,ri = 

The projection map {M,OM,ri) ^ A is a family with bijective Kodaira-Spencer 
map, by completeness theorem 11.501 it is a semiuniversal deformation. □ 

It is useful to remind here the following result proved by Malgrange |50j 

Theorem IV. 38. Let gi, . . . , : (C", 0) ^ C be germs of holomorphic functions 
and f : (€",0) ^ C a germ of C°° function. If df = 0, (mod qi, . . . ,qm) then 
there exists a germ of holomorphic function g: (C",0) C such that f = g, 
(mod qi,... ,qm)- 



CHAPTER V 



Differential graded Lie algebras (DGLA) 

The classical formalism (Grothendieck-Mumford-Schlessinger) of infinitesimal de- 
formation theory is described by the procedure (see e.g [Sj, |66p 

Deformation problem ~^ Deformation functor /group old 

The above picture is rather easy and suffices for many applications; unfortunately 
in this way we forget information which can be useful. 
It has been suggested by several people (Deligne, Drinfeld, Quillen, Kontsevich 
03], Schlessinger-Stasheff (5111121, Goldman-Millson [201111] and many others) 
that a possible and useful way to preserve information is to consider a factorization 

Deformation problem DGLA Deformation functor /groupoid 

where by DGLA we mean a differential graded Lie algebra depending from the 
data of the deformation problem and the construction 

DGLA -w Deformation functor, L Def^, 

is a well defined, functorial procedure explained in this Chapter. 
More precisely, we introduce (as in j44p the deformation functor associated to a 
differential graded Lie algebra and we prove in particular (Corollary IV.52|) that 
quasiisomorphic differential graded Lie algebras give isomorphic deformation func- 
tors: this is done in the framework of Schlessinger's theory and extended defor- 
mation functors. 

We refer to j2()j for a similar construction which associate to every DGLA a de- 
formation groupoid. 

Some additional comments on this procedure will be done in Section 121 for the 
moment we only point out that, for most deformation problems, the correct DGLA 
is only defined up to quasiisomorphism and then the results of this Chapter are 
the necessary background for the whole theory. 

In this chapter K. will be a fixed field of characteristic 0. We assume that the 
reader is familiar with basic concepts about Lie algebras and their representations 
|31| . |33| : unless otherwise stated we allow the Lie algebras to be infinite dimen- 
sional. 
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1. Exponential and logarithm 

For every associative K -algebra R we denote by Rl the associated Lie algebra 
with bracket [a, b] = ad{a)b = ah— ha; the linear operator ad{a) G End(i?) is called 
the adjoint of a, the morphism ad: Rl End(-R) is a morphism of Lie algebras. 
If / C -R is an ideal then I is also a Lie ideal oi Rl 

Exercise V.l. Let R be an associative K -algebra, a,b e R, prove: 
(1) 



ad(a)"6 = E^~^)' (") a^'-'ha'. 



(2) If a is nilpotent in R then also ad(a) is nilpotent in End(i?) and 

ad{a 



e-<-)h:=y^^b = e%e-\ 
^ n! 

n>0 

A 



Let y be a fixed K -vector space and denote 



n=0 



n=0 



With the natural notion of sum and Cauchy product PiV) becomes an associative 
K -algebra; the vector subspace 



m{V) = \Y,Vn 



. n=l 



Vn e (8)"^ \ c P{V) 



is an ideal, xaiyy = {Yl^=s ^n} f*^^ every s and PiV) is complete for the m(l^)- 

oo 

adic topology: this means that a series ^ convergent whenever Xj G mivy 



1=0 

for every i. 

In particular, it is well defined the exponential 



e: miV) ^ EiV) := l + m{V) = {1 + ^ G 0'^} C P{V), = ^ 

n=l n=0 

and and the logarithm 

oo „ 

log: m(y), log(l + x) = 

n=l 

We note that E(y) is a multiplicative subgroup of the set of invertible elements 
of P{V) (being -'^^ inverse of 1 — x, x G m(y)). It is well known 

that exponential and logarithm are one the inverse of the other. Moreover if 
[x,y] = xy—yx = Othene^"^^ = e^e^ and log((l-|-x)(l-|-j/)) = log(l-|-x)-|-log(l-|-y). 

Every linear morphism of IC -vector spaces /i : V W induces a natural, homo- 
geneous and continuous homomorphism of K -algebras /: P{V) — > P{W). It is 
clear that f{m.{V)) C m.{W), /: E(y) E{W) is a group homomorphism and / 
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commutes with the exponential and the logarithm. 
Consider for instance the three homomorphisms 

A,p,q: P{V)^ P(y®V) 

induced respectively by the diagonal Ai{v) = {v,v), by pi{v) = {v,0) and by 

qi{v) = {0,v). 
We define 

T{V) ={xe P{V) I A(x) = p{x)+qix)}, L{V) = {xe P{V) I A(a;) = p{x)q{x)}. 
It is immediate to observe that V C T{V) C m{V) and 1 G L{V) C E{V). 

Theorem V.2. In the above notation we have: 

(1) 1{V) is a Lie subalgebra of P[V)l- 

(2) L{y) is a multiplicative subgroup of E{V). 

(3) Let fi: V ^ W be a linear map and f : P{V) — >■ P{W) the induced 
algebra homomorphism. Then /(jiV)) C T{W) and f{L{V)) C L{W). 

(4) The exponential gives a bijection between 1{V) and L(y). 

Proof. Wc first note that for every n > and every pair of vector spaces 
U, W we have a canonical isomorphism 

n 

(g)"(C/ © W^) = i^'u © (gi^'-'w) 

1=0 

and therefore 

oo 

p(u®w)= Yl 0*f/©(g)^w. 

i,j=0 

In particular for every x G P{U) (g) K C P{U ®W), y eK P{W) C © W) 
we have xy = yx. In our case, i.e. when U = W = V this implies that p{x)q{y) = 
q{y)p{x) for every x,y E P{V). 
Let x,y € 1{V) then 

A{[x,y]) = A{x)A{y) - A{y)A{x) 

= {p{x) + q{x)){p{y) + q{y)) - {p{y) + q{y)){p{x) + q{x)) 

= p{[x,y]) + q{[x,y]). 

li x,y G L{V) then 

A{yx~^) = A(y)A(x)"^ = p{y)q{x)q{x)~^p{x)~'^ = p{yx~^)q{yx~^) 
and therefore yx~^ G L{V). 

If g: P{V © y) — s- P{W © W) is the algebra homomorphism induced by /i © 
/i : y © y ^ Wffi it is clear that Af = gA, pf = gp and = gq. This implies 
immediately item 3. 
If X G 1{V) then the equalities 

A(e^) = e^(^^ = e^'(^)+''(^) = e^'^^^e^^^) = p(e'')g(e'') 
prove that e(l{V)) C L(y). Similarly if y G L{V) then 

A(log(y)) = log(A(y)) = log{p{y)q{y)) = log(p(y))+log(g(y)) = p(log(y))+g(log(y)) 
and therefore log(L(F)) C T{V). □ 
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Corollary V.3. For every vector space V the binary operation 
*:T{V) xT{V) ^T{V), X * y = log(e^e^) 
induces a group structure on the Lie algebra liy)- 

Moreover for every linear map fi'- V ^ W the induced morphism of Lie algebras 
f: 1{V) — ^ 1{W) is also a homomorphism of groups. 

Proof. Clear. □ 

In the next sections we will give an explicit formula for the product * which 
involves only the bracket of the Lie algebra l{y). 



2. Free Lie algebras and the Baker-Campbell-Hausdorff formula 

Let y be a vector space over K , we denote by 

n>0 n>l 

The tensor product induce on TiV) a structure of unital associative algebra, the 
natural embedding T{V) C P{y) is a morphism of unitary algebras and T{V) is 

the ideal T{V) n m{V). 

The algebra T{y) is called tensor algebra generated by V and Tiy) is called the 
reduced tensor algebra generated by V. 



Lemma V.4. Let V be a ¥^ -vector space and i: V = ^ V ^ ^(^) the natural 
inclusion. For every associative K -algebra R and every linear map f : V ^ R 
there exists a unique homomorphism ofK. -algebras (f): T{V) — ^ R such that f = (pi. 

Proof. Clear. □ 

Definition V.5. Let F be a K-vector space; the free Lie algebra generated by 
V is the smallest Lie subalgebra 1{V) C T{V)]^ which contains V. 

Equivalently 1{V) is the intersection of all the Lie subalgebras of T{V)l contain- 
ing V. 

For every integer n > we denote by l{V)n C (^""V the linear subspace generated 
by all the elements 

[Vl, [U2, [. . . , K-l,Wn]]-]], n > 0, Vi,...,Vn€V. 

By definition l{V)n = [V,l{V)n-i] and therefore en>oK^)n ^ l(y). On the other 
hand the Jacobi identity [[x, y],z] = [x, [y, z]] — [y, [x, z]] implies that 

[l{V)n,l{V)m] C [V, [l{V)n-l,l{V)m]] + [l{V)n-l, [V,l{V)m]] 

and therefore, by induction on n, [l{V)n,l{V)m] C l{V)n+m- 

As a consequence ©n>oK^)n ^ subalgebra of 1{V) and then 0n>oK^)n ~ 

i{v), iiv)n = i{v)niS)''v. 



Every morphism of vector spaces V ^ W induce a morphism of algebras T(y) — ^ 
T{W) which restricts to a morphism of Lie algebras 1{V) — > 1{W). 

The name free Lie algebra of 1{V) is motivated by the following universal prop- 
erty: 
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Let V be a vector space, H a Lie algebra and f : V ^ H a linear map. Then there 
exists a unique homomorphism of Lie algebras 4>: liV) H which extends f. 
We will prove this property in Theorem IV.6I 

Let H he a Lie algebra with bracket [, ] and ui : V ^ H a linear map. 
Define recursively, for every n >2, the linear map 

CTn - (8)"^ fT„(t>i . . . f„) = [ai{vi),an-l{v2 O • • • Vn)]- 

For example, \iV = H and ai is the identity then an{vi®- ■ = [vi, [v2, [• • • , ["Wn-i, i^n]]-]]- 

Theorem V.6 (Dynkyn-Sprecht-Wever). In the notation above, the linear map 

oo 
n=l 

is the unique homomorphism of Lie algebras extending g\ . 

Proof. The adjoint representation d:V^ End(i?), 9{v)x = [ai(v),x] ex- 
tends to a unique morphism of associative algebras 9: T{V) End(i/) by the 
composition rule 

e{vi ... Vs)x = 9{vi)e{v2) . . . 9{vs)x. 
We note that, if vi, . . . ,Vn,wi, . . . , Wm G V then 

an+m{vi ® ...®Vn®Wi® Wm) = 9{vi ® . ..® l'n)o"m(wi ^ • • • Wm)- 

Since every element of 1{V) is a linear combination of homogeneous elements it is 
sufficient to prove, by induction on n > 1, the following properties 

An'. If m < n, X G liy)m, and y G liy)n then a{xy — yx) = [cy{x), a{y)\. 

Bn'. If m < n, y £ l{V)m and h £ H then 9{y)h = [cT(y), h]. 
The initial step n = 1 is straightforward, assume therefore n > 2. 
[A„_i + Bn-i ^ Bn] We can consider only the case m = n. The element y is a 
linear combination of elements of the form ab — ba, a G V , b £ l{V)n-i and, using 
Bn-i we get 

9{y)h = [a{a), 9{b)h] - ^(6)[a(a), h] = [a(a), [a{b), h]] - [a(a), h]. 

Using An-i we get therefore 

9{y)h = [[a{a),a{b)],h] = [a{y),h]. 

[Bn =^ An] 

an+m{xy - yx) = 9{x)an{y) - 9{y)am{x) = [a{x),an{y)] - [a{y),am{x)] 
= n[a{x),a{y)] - m[a{y),a{x)] = {n + m)[a{x), a{y)]. 

Since l(y) is generated by F as a Lie algebra, the unicity of a follows. □ 

Corollary V.7. For every vector space V the linear map 

1 



a: T{V) 1{V), a{vi o . . . o t;„) = -[vi, [v2,[..., 

n 

is a projection. 

Proof. The identity on 1{V) is the unique Lie homomorphism extending the 
natural inclusion V — > 1{V). □ 
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The linear map a defined in Corollary IV. 71 extends naturally to a projector 
a: P{V) — > P{V)- We have the following theorem 

Theorem V.8 (Priedrichs). In the notation above 

^{V) = {x e P{V) \ a{x) = x] and 1{V) = T{V) r\7{V). 

Proof. The two equalities are equivalent, we will prove the second. We have 
already seen that T(y) and 1{V) are Lie subalgebras of Piy)^ containing V and 
then 1{V) C T{V)r\\v). 
Define the linear map 

6: T{V) T{V e y), 5{x) = A{x) - p{x) - q{x). 

By definition T{V) D 1{V) = ker S and we need to prove that if 6{x) = for some 
homogeneous x then x € 1{V). For later computation we point out that, under the 
identification T{V (BV) = T{V) <SiT{V), for every monomial Yl - Xi with Xi £ ker 5 
we have 

hYI = Y[{xi ®i + i(^xi)-{]\xi)®i-i®{Wxi). 



In particular if x € TiV) then 6{x) is the natural projection of A(x) onto the 
subspace (g)V (g)V. 

Let I i G X} be a fixed homogeneous basis of 1{V). We can find a total 
ordering on the set X such that if yi G l{y)n-, yj G l(V)m and n < m then i < j. 
For every index h £ Z we denote by Jh C T{V) the ideal generated by and the 
yj's for every i > h, then is a homogeneous ideal and yh ^ Jh- 
A standard monomial is a monomial of the form y = yi^^yi^ ■ ■ - Vih with ii < . . . < 
ih- The external degree of the above standard monomial y is by definition the 
positive integer h. 

Since yiyj = y^-yj + CLhVh-, the standard monomials generate T{V) as a 

vector space and the standard monomials of external degree 1 are a basis of liy)- 

Claim V.9. For every n > the following hold: 

(1) The image under 5 of the standard monomials of external degree h with 
2 < h < n are linearly independent. 

(2) The standard monomials of external degree < n are linearly independent. 

Proof of Claim. Since the standard monomials of external degree 1 are 
linearly independent and contained in the kernel of 5 it is immediate to see the 
implication [1 =^ 2]. 

We prove [1] by induction on n, being the statement true for n = 1. 
Consider a nontrivial, finite linear combination I.e. of standard monomials of ex- 
ternal degree > 2 and < n. There exists an index h £ I such that we can write 
I.e. = z + j27= :i2//i^i) where z, Wi are linear combination of standard monomi- 
als in yj, j > h and at least one of the Wi is non trivial. If we consider the 
composition (j) of 5: T{V) — > T{V (B V) = T{V) T{V) with the projection 
T{V) T{V) T{V)/Jh T{V) we have 



(/>(/. c.) = ^iyh® y\ ^Wi = yh(^^iy\ ^ 



Wi. 
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Since iy]^ ^vJi is a nontrivial linear combination of standard monomials of 

external degrees < n — 1, by inductive assumption, it is different from on r(F). 

□ 

Prom the claim follows immediately that the kernel of 6 is generated by the 
standard monomials of degree 1 and therefore kevS = 1{V). □ 

Exercise V.IO. Let Xi, . . . ,Xn,y be linearly independent vectors in a vector 
space V. Prove that the n\ vectors 

CTn+liXrd) ■ ■ ■ Xr(n)y), T £ S„, 

are linearly independent in the free Lie algebra 1{V). 

(Hint: Let be a vector space with basis eo, . . . , e„ and consider the subalgebra 
A C End(Ty) generated by the endomorphisms (pi, . . . ,4>n, ^ii^j) = SijCi-i. Take 
a suitable morphisms of Lie algebras 1{V) —>■ A(BW.) A 

Our main use of the projection a: PiV) liV) consists in the proof of the an 
explicit description of the product *: 1{V) x 1{V) —>■ 1{V). 

Theorem V.ll (Baker-Campbell-Hausdorff formula). For every a,b e 1{V) we 
have 



a*b 



E 

n>0 



(-1) 



n-1 



E 



Pi+gi>0 

Pn+qn>0 



In particular a * b — a — b belongs to the Lie ideal of 1{V) generated by [a, b]. 

Proof. Use the formula of the statement to define momentarily a binary 
operator • on 1{V); we want to prove that • = *. 
Consider first the case a,b eV, in this situation 




E 

n>0 



(-1) 



n-1 



n 



E 

Pi+?i>0 

Pn+9n>0 



1 a,„{a'"b'" . . .a''"6«") 
m pi\qi\ . . . pn\qj. 



m 



i=l 
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The elimination of the operators a-m gives 



b = y ^ ^ y /—adiarad{by' . . . adiby--^. 



n>0 pi+gi>0 ^" ^" 

Pn+g7i>0 

Choose a vector space H and a surjective Hnear map H its composition 

with the inclusion /(F) C Tn(y) C -P(^) extends to a continuous morphism of 
associative algebras q: P{H) — > P{V); since is a Lie subalgebra of we 
have q{l{H)n) C for every n and then q(l{H)) C T(y). Being g: ^{H) ^{V) 
a morphism of Lie algebras, we have that q commutes with •. 
On the other hand q also commutes with exponential and logarithms and therefore 
q commutes with the product *. Since * = •: H x H ^ K-^) the proof is done. □ 

The first terms of the Baker-Campbell-Hausdorff formula are: 

a*b = a + b + ^[a,b] + ^[«, [a,b]] - [b,a]] + ••• 



3. Nilpotent Lie algebras 

We recall that every Lie algebra L has a universal enveloping algebra U charac- 
terized by the properties 17.2], [331 Ch. V]: 

(1) [/ is an associative algebra and there exists an injective morphism of Lie 
algebras i: L ^ Ul- 

(2) For every associative algebra R and every morphism f : L ^ Rl of Lie 
algebras there exists a unique morphism of associative algebras g: U ^ R 
such that f = gi. 

A concrete exhibition of the universal enveloping algebra is given hy U = T{L)/I, 
where I is the ideal generated by all the elements a®b — b(^a— [a, 6], a, 6 G L. The 
only non trivial condition to check is the injectivity of the natural map L ^ U. 
This is usually proved using the well known Poincare-Birkhoff- Witt's theorem |33| 
Ch. V]. 



Exercise V.12. Prove that, for every vector space V, T{V) is the universal 
enveloping algebra of 1{V). A 

Definition V.13. The lower central series of a Lie algebra L is defined recur- 
sively by = L, L"+i = [L,L"]. 

A Lie algebra L is called nilpotent if L" = for n >> 0. 

It is clear that if L is a nilpotent Lie algebra then the adjoint operator ad{a) = 
[a,—]: L ^ L is nilpotent for every a G L. According to Engel's theorem 1311 3.2] 
the converse is true if L is finite dimensional. 

Example V.14. It is immediate from the construction that the lower central 
series of the free Lie algebra 1{V) C T{V) is K^T = 0^(^)* = K^) n 0(8)V. 

i>n i>n 
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If F is a nilpotent Lie algebra, then the Baker-Campbell-Hausdorff formula de- 
fines a product V x V—>-V, 

Pn+qn>0 

It is clear from the definition that the product * commutes with every morphism 
of nilpotent Lie algebra. The identity on V induce a morphism of Lie algebras 
it: 1{V) V such that 7r{l{V)n) = for n >> 0; this implies that vr can be 
extended to a morphism of Lie algebras tt: 1{V) — ^ V. 

Proposition V.15. The Baker-Campbell-Hausdorff product * induces a group 
structure on every nilpotent Lie algebras V. 

Proof. The morphism of Lie algebras tt: l(V) V is surjective and com- 
mutes with *. □ 

It is customary to denote by exp(V) the group {V, *). Equivalently it is possible 
to define exp{V) as the set of formal symbols e", v e V, endowed with the group 
structure e^e"" = e"*"" . 

Example V.16. Assume that V C M = M(n,n, K) is the Lie subalgebra of 
strictly upper triangular matrices. Since the product of n matrices of V is always 
equal to 0, the inclusion V ^ M extends to a morphism of associative algebras 
(j): P{y) — ^ M and the morphism 

(j): exp{V) GL(n,K), 4){e^) = Et ^ GL(n,K). 

is a homomorphism of groups. 

The above example can be generalized in the following way 

Example V.17. Let R be an associative unitary IK -algebra, R* C R the mul- 
tiplicative group of invertible elements and N C R a nilpotent subalgebra (i.e. 
AT'* = for n » 0). 

Let y be a nilpotent Lie algebra and ^: V ^ N G R a representation. This means 
that V Nl is a morphism of Lie algebras. 

Denoting by i: V'-^U the universal enveloping algebra, we have a commutative 
diagram 

1{V) ^ V Nl 



T{V) U R 

where tt, ^ are morphisms of Lie algebras and rj, ijj homomorphisms of algebras. 
Since the image of the composition (j) = tprj is contained in the nilpotent subalgebra 
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A'^ the above diagram extends to 



1{V) 



V 



P{V) 



R 



with (j) homomorphism of associative algebras. If / G it makes sense its expo- 
nential G R. For every f G 1/ we have e^^^^ = (jy^e") and for every x,y &V 

The same assertion can be stated by saying that the exponential map : {V, *) = 
exp{V) — >■ i?* is a homomorphism of groups. 



4. DifTerential graded Lie algebras 

Definition V.18. A differential graded Lie algebra (DGLA ) (L, [, ], d) is the data 
of a Z-graded vector space L = ®i^zU together a bilinear bracket [, ] : L x L ^ L 
and a linear map d G Hom^ (L,L) satisfying the following condition: 

(1) [ , ] is homogeneous skewsymmetric: this means [L',L^] C L'+-' and 

[a, b] + (— a] = for every a, b homogeneous. 

(2) Every triple of homogeneous elements a, b, c satisfies the (graded) Jacobi 
identity 

[a, [b,c]] = [[a,b],c] + {-lf[b, [a,c]]._ 

(3) d{U) c L'+^, d o d = and d[a, b] = [da, b] + {-if [a, db]. The map d is 
called the differential of L. 

Exercise V.19. Let L = ®U be a DGLA and aeU: 

(1) If i is even then [a, a] = 0. 

(2) If i is odd then [a, [a, 6]] = - [[a, a], 6] for every 6 G L and [[a, a], a] = 0. 

A 

Example V.20. If L = ®U is a DGLA then LP is a Lie algebra in the usual 
sense. Conversely, every Lie algebra can be considered as a DGLA concentrated 
in degree 0. 

Example V.21. Let (A, cJa), A = ®Ai, be a dg-algebra over K and {L,dL), 
L = ®L\ a DGLA. 

Then L (g)K A has a natural structure of DGLA by setting: 

(L (g)K Af = ®i{L' (g)K An-i), 

d{x (g) a) = dLX (g) a + {—l)^x (g) d^o, [x (g) a, y (g) 6] = (— y] (g ab. 

Example V.22. Let be a holomorphic vector bundle on a complex manifold M. 
We may define a DGLA L = el/, = T{M, A°'P{£nd{E))) with the Dolbeault 
differential and the natural bracket. More precisely if e,g are local holomorphic 
sections of £nd{E) and 0, ijj differential forms we define d{(f)e) = {d<^)e, [(f)e, ipg] = 
(f)A'tp[e,g]. 
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Example V.23. Let {J-'*,d) be a sheaf of dg-algebras on a topological space; the 
space Der*(:F*, JF*) is a DGLA with bracket [/, g] = fg-{-iy^gf and differential 

Definition V.24. We shall say that a DGLA L is ado-nilpotent if for every i 
the image of the adjoint action ad : ^ End(L') is contained in a nilpotent 
(associative) subalgebra. 

Exercise V.25. 

1) Every nilpotent DGLA (i.e. a DGLA whose descending central series is defini- 
tively trivial) is ado-nilpotent. 

2) If L is ado-nilpotent then is a nilpotent Lie algebra. 

3) The converses of 1) and 2) are generally false. A 

Definition V.26. A linear map f:L — L is called a derivation of degree 
n if /(L*) C and satisfies the graded Leibnitz rule f{[a,b]) = [f{a),b] + 

(-!)-«[«, /(6)]. 

We note that the Jacobi identity is equivalent to the assertion that, if a G L* 
then ad{a): L ^ L, ad{a){h) = [a, 6], is a derivation of degree i. The differential 
d is a derivation of degree 1. 

By following the standard notation wc denote by Z'^{L) = ker(d: U — L^~^^), 
B\L) = Im(d: U), H\L) = Z%L)/B^{L). 

Definition V.27. The Maurer-Cartan equation (also called the deformation 
equation) of a DGLA L is 

da -I- ^[a,a] = 0, a G -L^. 

The solutions MC (L) c L?- of the Maurer-Cartan equation are called the Maurer- 
Cartan elements of the DGLA L. 

There is an obvious notion of morphisms of DGLAs; we denote by DGLA the 

category of differential graded Lie algebras. 

Every morphism of DGLAs induces a morphism between cohomology groups. It 
is moreover clear that morphisms of DGLAs preserve the solutions of the Maurer- 
Cartan equation. 

A quasiisomorphism of DGLAs is a morphism inducing isomorphisms in cohomol- 
ogy. Two DGLA's are quasiisomorphic if they are equivalent under the equivalence 
relation generated by quasiisomorphisms. 

The cohomology of a DGLA is itself a differential graded Lie algebra with the 
induced bracket and zero differential: 

Definition V.28. A DGLA L is called Formal if it is quasiisomorphic to its 
cohomology DGLA H*{L). 

Exercise V.29. Let : L — > L be a derivation, then the kernel of is a graded 
Lie subalgebra. A 

Example V.30. Let (L, d) be a DGLA and denote Der*(L, L) the space of deriva- 
tions /: L — L of degree i. The space Der*(L, L) = ©jDer*(L, L) is a DGLA with 
bracket [f,g] = fg- {-\pgf and differential 5{f) = [d,f]. 
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For a better understanding of some of next topics it is useful to consider the 
following functorial construction. Given a DGLA {L,[,],d) we can construct a 
new DGLA {L',[,]',d') by setting {L'Y = U for every i / 1, {L'Y = ®Kd 
(here d is considered as a formal symbol of degree 1) with the bracket and the 
differential 

[a + vd,b + wd]' = [a,b] + vd{b) + {-lfwd{a), d'{a + vd) = [d,a + vd]' = d{a). 

The natural inclusion L C -L' is a morphism of DGLA; for a better understanding 
of the Maurer-Cartan equation it is convenient to consider the affine embedding 
(f): —>■ {L')^, (j){a) = a + d. For an element a G we have 

d{a) + hfl,a]=Q [(?!)(a), 0(a)]' = 0. 

Let's now introduce the notion of gauge action on the Maurer-Cartan elements 
of an ado-nilpotent DGLA. Note that [L^,L^ © Kd] C L^; in particular if L is 
ado-nilpotent then also L' is ado-nilpotent. 

Given an ado-nilpotent DGLA N, the exponential of the adjoint action gives 
homomorphisms of groups 

exp{N^) = (ATO, *) ^ GL{N'), e" ^ e'^^"-\ i G Z 

where * is the product given by the Baker-Campbell-Hausdorff formula. 

These homomorphisms induce actions of the group exp{N^) onto the vector spaces 

N"^ given by 

e"6 = e'"^^''h = ^ad(a)"(6). 

n>0 ^' 

Lemma V.31. In the above notation, ifW is a linear subspace ofN^ and [N^, N^] C 
W then the exponential adjoint action preserves the affine subspaces v+W, v E Ni. 

Proof. Let a e N°, v e N\ w eW, then 

e^(v + w) = V + Y^adia)''-\[a,v]) + Y^ad{a) 



^ n! n! 
n>l n>0 



□ 



Lemma V.32. In the above notation the exponential adjoint action preserves the 

quadratic cone Z = {v £ \ [v,v] = 0}. 

For every v £ Z and u G A^~^ the element exp{[u,v]) belongs to the stabilizer of 
v. 

Proof. By Jacobi identity 2[v, [a,v]] = —2[v, [v,a]] = [a, [v,v]] for every a G 
Let a G be a fixed element, for every u G define the polynomial function 

For every s,t E K , ii v = e"^(*")u then 

r) F 

F^{t + s) = e«<— )F,(t), ^(0) = -[a, [v,v]] + 2[v, [a,v]] = 

^(s) = e<^<^(-^«)tx^(0) = 0. 
dt ^ ^ dt^ ' 
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Since the field K. has characteristic every function is constant, proving the 
invar iance of Z. 

If n G and v € Z, then by Jacobi identity [[n, = ad{[u,v])v = and 

then exp{[u,v])v = v. □ 

If L is an ado-nilpotent DGLA then rOD and [021 can be apphed to N = L'. 
Via the affine embedding (p: ^ (-^O^j the exponential of the adjoint action on 
L' induces the so called Gauge action of exp{L^) over the set of solution of the 
Maurer-Cartan equation, given explicitly by 

exp{a){w) = (e^'^^^Uiw)) = ^ ^ad{a)''{w) - ^ ^ad{a)''-\da) 



n\ ^ — ' n\ 

n>0 n>l 



n>0 



EadiaY ,r T , X 
-^-—^^{Xa,w\-da). 



Remark V.33. If u; is a solution of the Maurer-Cartan equation and u G L"i 
then [ti;, n] + = + d, n] G belongs to the stabilizer of w under the gauge 
action. 

For every a L^, w L^, the polynomial "f{t) = exp{ta){w) G ® IC [t] is the 
solution of the "Cauchy problem" 



dt ' 
7(0) = w 



a, 7(t)] — da 



5. Functors of Artin rings 

5-A. Basic definitions. We denote by: 

• Set the category of sets in a fixed universe; we also make the choice of a 
fixed set {0} G Set of cardinality 1. 

• Grp the category of groups. 

• Arts the category of local Artinian K -algebras with residue field K 
(with as morphisms the local homomorphisms). If ^ G Art^, we will 
denote by its maximal ideal. 

A small extension e in Artjj is an exact sequence of abelian groups 

e : — >M^B^A — >0 

such that B-^A is a morphism in Art^ and kerp = i(M) is annihilated by the 
maximal ideal of B (that is, as a S-module it is a IC -vector space). 

Given a surjective morphism B ^ A in Artg with kernel J, there exists a 
sequence of small extensions 




n > 0. 



Since, by Nakayama's lemma, there exists tiq G N such that tn^J = for every 
n > no we get that every surjective morphism is Artjj is the composition of a 
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finite number of small extensions. 



Definition V.34. A Functor of Artin rings is a covariant functor F: Art^ — > 
Set such that F{K) ~ {0}. 

Example V.35. If F is a K -vector space we may interpret y as a functor of 
Artin rings V : Artu Set, V{A) = V ®k xtia- If F = we get the trivial 
functor 0: Artjj — > Set. 

The functors of Artin rings are the object of a new category whose morphisms are 
the natural transformation of functors. A natural transformation r/: F — > G is an 
isomorphism if and only if r]{A) : F{A) G{A) is bijective for every A G Artg • 

Definition V.36. Let F,G: Arts Set be two functors of Artin rings and 
rj: F — > G a natural transformation; r] is called smooth if for every small extension 

— >M — ^B^A — >0 

the map 

iq,p): FiB)^GiB)xGiA)FiA) 

is surjective. 

A functor of Artin rings F is called smooth if the morphism F — > is smooth. 

Exercise V.37. F: Artjc Set is smooth if and only if for every surjective 
morphism B ^ A is Artg , the map F{B) F{A) is also surjective. 
If V is a vector space then V is smooth as a functor of Artin rings (cf. Exam- 
Dle lv:35l) . A 

Exercise V.38. Let R be an analytic algebra and let hji: Arte Set be the 
functor of Artin rings defined by hf{{A) = MorAn(-R;^)- 

Prove that hji is smooth if and only if R is smooth. A 

Example V.39. Let Mq be a compact complex manifold and define for every 
A £ Arte 

DefMo(^) = DefAfo(Ox,o) = DefMo(^,0) 
where {X, 0) = Spec(yl) is a fat point such that Ox,o = A; since it is always 
possible to write ^ as a quotient of C{zi, . . . , z„} for some n > 0, such a fat point 
(X, 0) always exists. According to lIII.12l the isomorphism class of (-^,0) depends 
only on A. 

Every morphism Ox,o Oy,o in Arte is induced by a unique morphism {Y, 0) — >■ 
{X, 0) . The pull-back of infinitesimal deformations gives a morphism Def Mo 0) ~ 
DefAfo(^i 0). Therefore DefA/o • -^^^c Set is a functor of Artin rings. 

Definition V.40. The tangent space to a functor of Artin rings F: Artj^ Set 
is by definition 

tp = F(^) =F(K(BKe), = 0. 



it') 

Exercise V.41. Prove that, for every analytic algebra R there exists a natural 
isomorphism t/ijj = Derc(-R, C) (see Exercise IV. 38|) . A 
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5-B. Automorphisms functor. In this section every tensor product is in- 



tended over 



i.e 



. Let S — >R be a morphism of graded K -algebras, for 



every A G Art^ we have natural morphisms S A — >R (gi A and R (giK A- 
p{x (8) a) = xa, where a G IC is the class of a in the residue field of A. 



>R. 



Lemma V.42. Given A £ Artjj and a commutative diagram of morphisms of 
graded K -algebras 



S(^A 




R®A 

we have that f is an isomorphism and f{R® J) C R® J for every ideal J C A. 

Proof. / is a morphism of graded A-algebras, in particular for every ideal 
J C A, f{R(^J) C Jf{R®A) C R®J. In particular, \i B = A/ J, then / induces 
a morphism of graded 5-algebras f : R® B ^ R(^^ B. 

We claim that if J = then / is the identity on R® J; in fact for every x € R, 
f{x (8) 1) — X (8) 1 G kerp = R® and then if j G J, x G R. 

f{x (8 j) = jf{x (8 1) = X (8 i + j{f{x (8 1) — X (8 1) = X (8 j. 

Now we prove the lemma by induction on n = dimjc A, being / the identity for 
n = 1. Let 

— >J — >A — >B — >0 

be a small extension with J 7^ 0. Then we have a commutative diagram with 
exact rows 











R(g)J 

Id 

R(g)J 



R(g)A 
f 

R(g)A 



R(S)B 
7 

R(g)B 











By induction / is an isomorphism and by snake lemma also / is an isomorphism. 

□ 

Definition V.43. For every A G ArtK let Aut^/5(A) be the set of commutative 
diagrams of graded K -algebra morphisms 



R0A 




According to Lemma fV.42l Aut q is a functor from the category Arts to the 
category of groups Grp. Here we consider Aut j^/s as a functor of Artin rings (just 
forgetting the group structure). 

Let Der^(i?, i?) be the space of 5-derivations i? — > i? of degree 0. If ^4 G ArtK 
and J C rtiA is an ideal then, since dimjc J < 00 there exist natural isomorphisms 

Der^(i?, R)(g)J = Der^(i?, R0j)= Der^jg^(i? 0A,R(S)J), 
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where d = J2i di 53 ji € Der5.(i?, R) ® J corresponds to the S yl-derivation 
d: R® A ^ R® J d R® A, d{x®a)= ^(ij(x) jjO. 

i 

For every d G Der^^^(i?(8)yl, R^A) denote d^ = do . . .od the iterated composition 
of d with itself n times. The generalized Leibnitz rule gives 

d''{uv) = ('^^d\u)d''~\v), u,veR^A. 

Note in particular that if d G Der^(i?, R) 0mA then d is a nilpotent endomorphism 

of R<SiA and 

n>0 

is a morphism of K. -algebras belonging to Autfl/5(^). 
Proposition V.44. For every A £ Art^ the exponential 
exp: Der5(i?,i?) ^ Aut^/5(yl) 

is a bijection. 

Proof. This is obvious if j4 = K ; by induction on the dimension of A we may 
assume that there exists a nontrivial small extension 

— >J — >A — >B — >0 

such that exp: Deic^^{R, i?) rriB — > Autj^/g{B) is bijective. 

We first note that if d G Der^(i?, i?)0mA, h G Der^(i?, R)(g)J then d'h^ = h^d' = 
whenever j>0, j + i>2 and then e'^'^^ = e'^ + h; this easily implies that exp is 
injective. 

Conversely take a / G Aut/j/5(yl); by the inductive assumption there exists d G 
Der^(i?,i?)(g)mASuchthat7= e'^ G Aut^/s{B); denote /i = f-e'^: R^A R^J. 
Since h{ab) = f{a)f{b) - e"'(a)e°'(6) = h{a)f{b) + e'^{a)h{b) = h{a)b + ah{b) we 
have that h G Der^(ii, i?) ® J and then / = e'^+''. □ 

The same argument works also if 5 — > -R is a morphism of sheaves of graded 
]K -algebras over a topological space and DeT^g{R, R), Autfl/5(A) are respectively 
the vector space of 5-derivations of degree of i? and the 5 (8) ^-algebra automor- 
phisms of i? A lifting the identity on R. 

Example V.45. Let M be a complex manifold, R = , S = fi^/. According to 
Proposition II V.24I Der9,f /?. R) = r(M, ^°'°(rAf )) and then the exponential gives 
isomorphisms 

exp: r(M,^0'0(rAf)) ®mA ^ Aut^/s(A). 

Since exp is clearly functorial in A, interpreting the vector space T{M,A^'^{Tm)) 
as a functor ( Example lV.35|) . we have an isomorphism of functors exp: T{M,A^'^{Tm 
Autii/5. 
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5-C. The exponential functor. Let L he a Lie algebra over M., V a K- 
vector space and ^ : L — > End(y) a representation of L. 

For every A G Artg the morphism ^ can be extended naturahy to a morphism of 
Lie algebras A — > 'EndAiV 0A). Taking the exponential we get a functorial 

map 

exp{^) : L(^mA^ GLa{V (g> A), exp{Cj{x) = e^^"") = ^ —^x, 

i=o 

where GLa denotes the group of A-linear invertible morphisms. 

Note that exp{S)[—x) = {exp{S,){x))^^ . If ^ is injective then also exp{(,) is injective 

(easy exercise). 

Theorem V.46. In the notation above the image of exp{^) is a subgroup. More 
precisely for every a,b G L(^mA there exists c G rriyi such that e^^^^e^*^^-* = e^^'^) 
and a + b — c belong to the Lie ideal of L m.A generated by [a, 6]. 

Proof. This is an immediate consequence of the Campbell-Baker-Hausdorff 
formula. □ 

In the above notation denote P = End(F) and let ad{£): L — > End(P) be the 
adjoint representation of ^, 

admx)f = Ux)J]=i{x)f - fi{x). 

Then for every a € xua, f G End^l^ A) = P(g)Awe have (cf. Exercise lV.il 

|sn 2.3]) 



6. Deformation functors associated to a DGLA 

Let L = ©L* be a DGLA over IC , we can define the following three functors: 

(1) The Gauge functor Gl'- Arts Grp, defined by Gl{A) = exp{L^ (g) 
m^). It is immediate to see that Gl is smooth. 

(2) The Maurer-Cartan functor MGl '■ ArtK — > Set defined by 

MCl{A) = MG{L(g)mA) = |x G ©niA dx + ^[x,x] = o| • 

(3) The gauge action of the group exp{L^ xxia) on the set MC{L itia) is 
functorial in A and gives an action of the group functor Gl over MGl- 
We call Defi = MCl/Gl the corresponding quotient. By definition 
DefL(^) = MCl(A)/Gl(A) for every A £ Artg. 

The functor Def/, is called the deformation functor associated to the 
DGLA L. 

The reader should make attention to the difference between the deformation 
functor Defi, associated to a DGLA L and the functor of deformations of a DGLA 
L. 



Proposition V.47. Let L = ®U be a DGLA. If [L^, L^] n Z'^{L) c B'^{L) (e.g. 
if H'^{L) = 0) then MGl o-nd Def/, are smooth functors. 
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Proof. It is sufficient to prove that for every small extension 

— >J — >A-^B — >0 
the map MC{L ® m^)-^MC(L ® ms) is surjective. 

Given y ^ L} ® rriB such that dy + = we first choose x ^ L} ^ 

such that a{x) = y; we need to prove that there exists z ^ ® J such that 
X - MC{L®xnA)- 

Denote h = dx + -^[x,x\ € ® J; we have 

dh = d^x + [dx, x] = [h,x] — - [[x, x] , x] . 

Since [L/^ ® J,L}- ® m^] = we have [h,x\ = 0, by Jacobi identity = 

and then dh = 0, h £ Z'^{L) J. 

On the other hand h G {[L^,L^] + B'^{L)) ttia, using the assumption of the 
Proposition h G {B'^{L) (g) itia) Pi J and then there exist z e L'^ (E) vcxa such 
that dz = h. 

Since Z^{L) vnA — > Z^{L) is surjective it is possible to take z ^ L} ® J: it 
is now immediate to observe that x — z G MC{L itia)- D 

Exercise V.48. Prove that if MCl is smooth then Z^] C B^. A 

Proposition V.49. If L ® is abelian then DeiL{A) = H^{L) ® rriA- In 
particular tDefi = H^i^,) Ke, = 0. 

Proof. The Maurer-Cartan equation reduces to dx = and then MCl{A) = 
Z^{L) (g) rriA- If a G L° mA and x G rriA we have 

/ N adia)'"- ,r , , s 

exp a X = X + > 7 r-;(\o.,x\ — da) = x — da 

^ (n + 1)! 
n>0 ^ ^ 

and then DefL(.4) = ^^(^) ^^-^ ^ ^i^^^ ^ ^ 
a(Lu (g) mAj 

Exercise V.50. If Z^] = then MCl{A) = ® ttta for every A. A 

It is clear that every morphism a: L N DGLA induces morphisms of 
functors Gl Gn, MGl MGn- These morphisms are compatible with the 
gauge actions and therefore induce a morphism between the deformation functors 
Defai Defi ^ Def^v- 

The following Theorem lV.511 (together its Gorollarv lV.52|) is sometimes called the 
basic theorem of deformation theory. For the clarity of exposition the (nontrivial) 
proof of IV. 511 is postponed at the end of Section |H1 

Theorem V.51. Let (p: L ^ N be a morphism of differential graded Lie algebras 
and denote by H^{(j)): II^{L) H^{N) the induced maps in cohomology. 

(1) If H^{(f)) is surjective and Il'^{(j)) infective then the morphism Def^ : Def^ — 
DefAT is smooth. 

(2) // II^{(p) is surjective, II^{(j)) is bijective and Il'^{(t)) is injective then 
Def : Def l — > Def at is an isomorphism. 

Corollary V.52. Let L ^ N be a quasiisomorphism of DGLA. Then the in- 
duced morphism Def l — > Def at is an isomorphism. 
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Exercise V.53. Let L be a formal DGLA, then Defi is smooth if and only if 
the induced bracket [ , ] : x is zero. A 

Example V.54. Let L = ©L* be a DGLA and choose a vector space decompo- 
sition N^eB^{L) = L^. 

Consider the DGLA N = ©TV* where A^* = if i < 1 and A* = if i > 1 with the 
differential and bracket induced by L. The natural inclusion N ^ L gives isomor- 
phisms H^{N) — > H^ {L) for every i > 1. In particular the morphism DefAr — > Def^ 
is smooth and induce an isomorphism on tangent spaces toefiv = ^Def^ • 

Beware. One of the most frequent wrong interpretations of Corollarv IV.52I as- 
serts that if L — > A^ is a quasiisomorphism of nilpotent DGLA then MC {L) /exp{LP) 
MC{N)/exp{N^) is a bijection. This is false in general: consider for instance 
L = and A = ©A* with A^» = C for i = 1, 2, A* = for i / 1, 2, d: A^ ^ A^ 
the identity and [a, b] = ab for a,b £ N'^ = C. 



Let Tm be the holomorphic tangent bundle of a complex manifold M. The 
Kodaira-Spencer DGLA is defined as 

KS{M) = ®KS{Mf, KS{MY = r(M, A^'P{Tm)) 

with the Dolbeault differential and the bracket (cf. Proposition IIV.24]) 

[(^dzj, il)d'zj] = [(/), ijA^dzi A dzj 
for (/>, G ^°'°(Tm), /, J C {1, n} and 

zi, local holomorphic coordinates. 

Theorem V.55. Let L = KS{Mq) be the Kodaira-Spencer differential graded Lie 
algebra of a compact complex manifold Mq. Then there exists an isomorphism of 
functors 

BefMo = Defi. 

Proof. Fix A e Arte, according to Propositions IIV.241 and rv\44l the expo- 
nential 

exp: LO © mA = r(Mo, ^°'°(rMo)) © ^ Aut^o,,/n* (^) 
is an isomorphism. 
Therefore DefMo quotient of 



MCl{A) = i 77 g T{Mo,A^'\Tm,)) © mA 



dr]+^ [r], r/] = 

by the equivalence relation ~, given by r/ ~ /i if and only if there exists a £ L^0mA 
such that 

9 + /X = e'*(5 + r])e-'' = e'"^^"'^ {d + rj) 

or, equivalently, if and only if = e"''^^"'^ 4>{r]) , where (p is the affine embedding 
defined above. 

Keeping in mind the definition of the gauge action on the Maurer-Cartan elements 
we get immediately that this equivalence relation on MCl{A) is exactly the one 
induced by the gauge action of exp{L^ © ttia). □ 

Corollary V.56. Let Mq be a compact complex manifold. If either H'^{Mq, Tmq) 
or its Kodaira-Spencer DGLA KS{Mq) is quasiisomorphic to an abelian DGLA, 
then DefMo smooth. 
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7. Extended deformation functors (EDF) 

We will always work over a fixed field K of characteristic 0. All vector spaces, 
linear maps, algebras, tensor products etc. are understood of being over K , unless 
otherwise specified. 

We denote by: 

• N A the category of all differential Z-graded associative (graded)-commutative 
nilpotent finite dimensional K -algebras. 

• By NA n DG we denote the full subcategory of A e NA with trivial 
multiplication, i.e. = 0. 

In other words an object in NA is a finite dimensional complex A = (BAi G DG 
endowed with a structure of dg-algebra such that A^ = AA . . . ^4 = for n >> 0. 
Note that a A = Aq is concentrated in degree 0, then A G NA if and only if A is 
the maximal ideal of a local artinian K -algebra with residue field K . 
If ^ G NA and / C ^ is a differential ideal, then also / G NA and the inclusion 
/ — ^ is a morphism of dg-algebras. 

Definition V.57. A small extension in NA is a short exact sequence in DG 

— — ^A-^B — ^0 

such that a is a morphism in NA and / is an ideal of A such that A/ = 0; in 
addition it is called acyclic if / is an acyclic complex, or equivalently if a is a 
quasiisomor phism . 

Exercise V.58. 

• Every surjective morphism A-—>-B in the category NA is the composition 
of a finite number of small extensions. 

• If A-^B is a surjective quasiisomorphism in NA and Ai = for ev- 
ery i > then a is the composition of a finite number of acyclic small 
extensions. This is generally false ii A^ ^ for some i > 0. 

A 

Definition V.59. A covariant functor F : NA — Set is called a predeformation 
functor if the following conditions are satisfied: 

(1) F{0) = is the one-point set. 

(2) For every pair of morphisms a: A ^ C, (i: B ^ C in N A consider the 
map 

rj: F{A Xc B) ^ F{A) Xp^c) F{B) 

Then: 

(a) r] is surjective when a is surjective. 

(b) is bijective when a is surjective and C G NA n DG is an acyclic 
complex. 

(3) For every acyclic small extension 

— — ^A — ^B — ^0 



the induced map : F{A) — F{B) is surjective. 
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If we consider the above definition for a functor defined only for algebras con- 
centrated in degree 0, then condition 3 is empty, while conditions 1 and 2 are 
essentially the classical Schlessinger's conditions |67j . |13j . j52j . 

Lemma V.60. For a covariant functor F: NA Set with F{0) = it is suf- 
ficient to check condition of definition I V.591 when C = and when B = 
separately. 

Proof. Follows immediately from the equality 

Axc B = {Ax B) xcO 

where A^C, B^C are as in I2bl of IV .591 and the fibred product on the right 
comes from the morphism A x B ^ C , {a,b) ^ a{a) — (3{b). □ 

Definition V.61. A predeformation functor F: NA Set is called a deforma- 
tion functor if F[I) = for every acyclic complex / G NA H DG. 

The predeformation functors (resp.: deformation functors) together their natural 
transformations form a category which we denote by PreDef (resp.: Def). 

Lemma V.62. Let F: NA Set be a deformation functor. Then: 

(1) For every acyclic small extension 

— >I — >A — >B — >0 

the induced map : F{A) F{B) is bijective. 

(2) For every pair of complexes NAnDG and every pair of homotopic 
morphisms f,g: I ^ J, we have F{f) = F{g): F[I) — > F[J). 

Proof. We need to prove that for every acyclic small extension 

— >I — >A-^B — ^0 

the diagonal map F{A) F{A) x^(^) F{A) is surjective; in order to prove this 
it is sufhcient to prove that the diagonal map A ^ A x b A induces a surjective 
map F{A) F{A Xb A). We have a canonical isomorphism 9: AxI^AxbA, 
9{a,x) = (a, a + x) which sends A x {0} onto the diagonal; since F{A x I) = 
F{A) X F{I) = F{A) the proof of item 1 is concluded. 

For item 2, we can write I = x I^, J = J° x j\ with d{I^) = d{J°) = 

and I^, acyclic. Then the inclusion and the projection J-^J^ induce 

bijections = F{I), F(J°) = F{J). It is now sufficient to note that pfi = 

pgi:P^J^. □ 

A standard argument in Schlessinger's theory 67j> 2.10] shows that for every 
predeformation functor F and every A G NAnDG there exists a natural structure 
of vector space on F{A)., where the sum and the scalar multiplication are described 
by the maps 

A X A^A F{A xA)= F{A) x F{A)^F{A) 

seK, A-^A F{A)-^F{A) 
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We left as an exercise to check that the vector space axioms are satisfied; if A 
is a morphism in NA n DG then the commutativity of the diagrams 



B 



Ax A 



B X B 



A 



B 



B 



A 



B 



s eK 



shows that F{A) — > F(B) is K-hnear. Similarly if F — > G is a natural transfor- 
mations of predeformation functors, the map F{A) — > G{A) is K -linear for every 
^ G NA n DG. 



In particular, for every predeformation functor F and for every integer n the sets 
F{Q[n]) (see Example IIV.7|) and i<'(K[n]) are vector spaces and the projection 
p: i}[n] — > K [n] induce a linear map F{^}[n]) — > F{M. [n]) 

Definition V.63. Let F be a predeformation functor, the tangent space of F is 
the graded vector space TF[1], where 

TF = r"F, T"+iF = rF[l]" = coker{F{n[n])^F{K [n])), n G Z. 

nGZ 

A natural transformation F ^ G of predeformation functors is called a quasiiso- 
morphism if induces an isomorphism on tangent spaces, i.e. if T^F ~ T"G for 
every n. 

We note that if F is a deformation functor then F(i7[n]) = for every n and 
therefore TF[1]" = T^~^^p = F(Ke), where e is an indeterminate of degree — n G Z 
such that = 0. 

In particular T^F = tpo, where F° : ArtK Set, F^{A) = F(myi), is the trun- 
cation of F in degree 0. 



One of the most important examples of deformation functors is the deformation 
functor associated to a differential graded Lie algebra. 

Given a DGLA L and A G N A, the tensor product L®A has a natural structure 
of nilpotent DGLA with 



{L®Ay = ®V (^A 



d{x <Si a) = dx (Si a + {—l)^x (g) da 

[x0a,y0b] = {-lfy[x, y] ® ab 

Every morphism of DGLA, L ^ N and every morphism A ^ B in NA give a 
natural commutative diagram of morphisms of differential graded Lie algebras 

L(g)A — > N (g)A 



L®B — > N^B 
The Maurer-Cartan functor MCl: NA Set of a DGLA L is by definition 



MGl{A) = MG{L ®A) = \xC{L®AY 



dx + 
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Lemma V.64. For every differential graded Lie algebra L, MCl is a predefor- 
mation functor. 

Proof. It is evident that MCl{0) = and for every pair of morphisms 
a: C, B ^ C m NA we have 

MCl{A Xc B) = MCl{A) XMCi(c) MCl{B) 

Let — >I — ^A—^B — >0 be an acydic small extension and x G MCl{B). Since 
a is surjective there exists y ^ {L® A)^ such that a{y) = x. Setting 

h = dy + ^[y,y] G {L if 

we have 

dh = -d[y,y] = [dy,y] = [h,y] - -[[y,y],y]. 

By Jacobi identity [[y, y],y] = and, since AI = also [h,y] = 0; thus dh = 
and, being L (g) / acyclic by Kiinneth formula, there exists s G (L (g) 7)^ such that 
ds = h. The element y — s lifts x and satisfies the Maurer-Cartan equation. We 
have therefore proved that MCl is a predeformation functor. □ 

Exercise V.65. Prove that MC: DGLA PreDef is a faithful functor and 
every differential graded Lie algebra can be recovered, up to isomorphism, from 
its Maurer-Cartan functor. A 

It is interesting to point out that, if ^ ^ is a surjective quasiisomorphism in 
NA, then in general MCl{A) — MCl{B) is not surjective. As an example take 
L a finite-dimensional non-nilpotent complex Lie algebra, considered as a DGLA 
concentrated in degree and fix a G L such that ad{a) : L ^ L has an eigenvalue 
A 7^ 0. Up to multipHcation of a by — we can assume A = — 1. Let V C L he 
the image of ad{a), the linear map Id + ad{a) : V \s not surjective and then 
there exists b E L such that the equation x + [a, x] + [a, b] = has no solution in 
L. 

Let u,v,w be indeterminates of degree 1 and consider the dg-algebras 

B = Cu®Cv, b'^ = 0,d = 

A = Cu ® Cu © Cw © Cdw, uv = uw = dw, vw = 

The projection A ^ B is a quasiisomorphism but the element a^n + b®?; G 
MCl{B) cannot lifted to MCl{A). In fact if there exists ^ = a®u+b®v+x®w G 
MCl{A) then 

= + ^ [C, = (aJ + [a, x] + [a, b]) ® dw 

in contradiction with the previous choice of a, b. 

For every DGLA L and every A G NA we define DefL(^) as the quotient of 
MC{L (gi A) by the gauge action of the group exp{{L © A)^). The gauge action 
commutes with morphisms in NA and with morphisms of differential graded Lie 
algebras; therefore the above definition gives a functor Def/,: NA Set. 

Theorem V.66. For every DGLA L, Def^ : NA Set is a deformation functor 
withT^T>eiL = H\L). 
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Proof. If C G NA n DG is a complex then L C is an abelian DGLA and 
according to Proposition [EH MCl{C) = Z'^{L®C) and DefL(C) = H^{L0C). 
In particular T^Def/, = H^{L 03 IK [« — 1]) = H^{L) and, by Kiinneth formula, 
DefL(C) = if C is acyclic. 

Since Def/, is the quotient of a predeformation functor, conditions 1 and 3 of 
IV. 591 are trivially verified and then it is sufficient to verify condition 2. 
Let q: A— >C, /?: B ^ C morphism in NA with a surjective. Assume there are 
given a G MCl(A), h G MCl{B) such that a{a) and f3{h) give the same element in 
DefL(C); then there exists ti G (L 0(7)° such that = e^a{a). Let u G {L®Af 
be a lifting of u, changing if necessary a with its gauge equivalent element e^a, 
we may suppose a(a) = j3{h) and then the pair (a, h) lifts to MCl{A Xq B): this 
proves that the map 

DefL(^ xcB)^ BeiUA) x^efuc) ^eh{B) 

is surjective. 

IfC = Othenthe gauge action exp{{L(^{AxB)f)xMCL{AxB) MCl{AxB) 
is the direct product of the gauge actions exp{{L (g) A)'^) x MCl{A) MCl{A), 
expi{L X MCl{B) MCl{B) and therefore DefL(^ x B) = DefL(A) x 

DefL(5). 

Finally assume B = 0, C acyclic complex and denote D = ker a ~ A xc B. Let 
01,02 G MCl{D), u ^ {L ^ A)^ be such that 02 = e"oi; we need to prove that 
there exists f G (L (8) D)^ such that 02 = e^oi. 

Since a(oi) = 0(02) = and L f^i C is an abelian DGLA we have = e°'^^^0 = 
— da{u) and then da{u) = 0. L(g)C is acyclic and then there exists h G {L0A)~^ 
such that da{h) = —a{u) and u + dh £ {L 1^ D)^. Setting 10 = [ai,h] + dh, then, 
according to Remark IV.33l e^'oi = oi and e"e™oi = e^oi = 02, where v = u* w 
is determined by Baker-Campbell-Hausdorff formula. We claim that v £ L <Si D: 
in fact v = u*w = u + w = u + dh (mod [L A, L A]) and since C D we 
have v = u*w = u + dh = (mod L D). □ 

Lemma V.67. For every DGLA L, the projection it: MCl Def^ is a quasi- 
isomorphism. 

Proof. Let i £ Z, he fixed; in the notation of IV. 631 we can write — 1] = 
K e © IfC de, where = ede = (de)^ = and e = 1 — i, de = 2 — i. We have 

MCL{Ke) = {xe G (L 0Key\d{xe) = 0} = Z\L) © Ke 

MCL(KeeKde) = {xe + yde G (L - 1])^ | dxe + {-l)^~'xde + dyde = 0} 
= {{-iydye + yde\yGV-'}. 

Therefore the image of p: MCL(Ke®Kde) MCiCKe) is exactly B'{L) ® Ke 
and then 

MCL{n[i - 1])^MCl{K [i - l])^DefL(IK [i - 1]) — ^0 



is exact. 



□ 
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8. Obstruction theory and the inverse function theorem for 

deformation functors 

Lemma V.68. Let F: NA — ^ Set be a deformation functor; for every complex 
I G NA n DG there exists a natural isomorphism 

= ®TF[1Y (g) H^i{I) = 0r+iF (g) H^i{I) = H\TF ® I). 

Proof. Let s: H^{I) Z^,{I) be a linear section of the natural projection, 
then the composition of s with the natural embedding Z^:{I) — > J is unique up to 
homotopy and its cokcrncl is an acyclic complex, therefore it gives a well defined 
isomorphism F{I). This says that it is not restrictive to prove the 

lemma for complexes with zero differential. Moreover since F commutes with 
direct sum of complexes we can reduce to consider the case when / = ]K^[n] 
is a vector space concentrated in degree — n. Every u € / gives a morphism 
TF[1]" = F(K [n])-^F(/) and we can define a natural map rF[l]" 0l ^ F{I), 
X <Si V 1-^ v{x). It is easy to verify that this map is an isomorphism of vector 
spaces. □ 

Theorem V.69. Let — >I^A^B — >0 be an exact sequence of morphisms 
in NA and let F : NA Set be a deformation functor. 

(1) // AI = then there exist natural transitive actions of the abelian group 
F{I) on the nonempty fibres of F{A) F{B). 

(2) If AI = then there exists a natural "obstruction map" F{B)^FiI[l]) 
with the property that ob{b) = if and only if b belongs to the image of 

F{A)^F{B). 

(3) If B is a complex, i. e. A^ C I, then there exist natural transitive actions 
of the abelian group F{B[—\\) on the nonempty fibres of F{I) — > F{A). 

Here natural means in particular that commutes with natural transformation of 
functors. 

Proof. [1] There exists an isomorphism of dg-algebras 
Ax I — ^AxbA; {a,t) i-^ {a,a + t) 
and then there exists a natural surjective map 

T^F ■■ F{A) X F{I) = F{A X /) ^ F{A) Xp^B) FiA) 
The commutativity of the diagram 

Axixl — > Ax I (a, i,s) {a,t + s) 

Ax I — s- A {a + t,s) ^ (a + t + s) 

implies in particular that the composition oi 'dp with the projection in the second 
factor give a natural transitive action of the abelian group F{I) on the fibres of 
the map F{A) F{B). 

[2] We introduce the mapping cone of t as the dg-algebra C = A Q) I[l] with 
the product {a,m){b,n) = (a6, 0) (note that, as a graded algebra, C is the trivial 
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extension of A by /[I]) and differential 

dc=( If ):A®I[l]^A[l]®I[2] 



di[i] 

We left as exercise the easy verification that C £ NA, the inclusion ^4 — > C and 

the projections C ^ C ^ B are morphisms in NA. 

The kernel of C ^ i? is isomorphic to / © / [I] with differential 

di Idj^ 
dill] 

Therefore — >/ © — >C — >B — >0 is an acyclic small extension and then 
F{C)=F{B). 

On the other hand A = C x and then the map 

F(A) ^ F{C) x^(,[i]) 

is surjective. It is sufficient to define ob as the composition of the inverse of 
F{C) F{B) with F{C) F{I[1]). 

3) The derived inverse mapping cone is the dg-algebra D = A (B B[—l] with 
product {x,m){x,n) = {xy,0) and differential 

Here the projection D ^ A and the inclusions inclusion I ^ D, B[—l] ^ D are 
morphisms in NA. 

Since — >-B[— 1] — >D — >A — >0 is a small extension, by Item 1, there exist nat- 
ural actions of F(B[—1]) on the nonempty fibres of F{D) F(A). The quotient 
of / ^ D is the acyclic complex B © 1], and then, according to 2b of IV.59| 
F{I) — > F[D) is an isomorphism. □ 

Exercise V.70. Prove that the stabilizers of the actions described in Theo- 
rem are vector subspaces. A 

Given two integers p < q we denote by NA^ the full subcategory of NA whose 
objects are algebras A = (BAi such that Ai ^ only li p < i < q. 



Theorem V.71. Let 9: F ^ G be a morphism of deformation functors. Assume 
that 0: TF[1]* TG[1]* is surjective for p — 1 < i < q and injective for p < i < 
q + 1. Then: 

(1) for every surjective morphism a: A ^ B in the category NA^^^ the 
morphism 

{a,e):F{A)^F{B)xGiB) G{A) 

is surjective. 

(2) 6: F{A) G{A) is surjective for every A G NAp_^. 

(3) 9: F{A) G{A) is a bijection for every A £ NA^. 

Proof. The proof uses the natural generalization to the differential graded 
case of some standard techniques in Schlessinger's theory, cf. jl3j . 
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We first note that, according to Lemma IV.68| for every complex / G NA^ n DG 
we fiave that 9: F{I) G{I) is bijective, 9: F{I[l\) G{I[l]) is injective and 
9: F{I[-1]) G{I[-l]) is surjective. 

Moreover, since F(0) = G(0) = 0, we have F{0) Xg(o) G{A) = G{A) and then 
Item 2 is an immediate consequence of Item 1 . 
Step 1: For every small extension in NAp_j^, 

— >I — >A^B — ^0 

and every b € F{B) we have either a~^{b) = or 9{a^^{b)) = a^^{9{b)). 
In fact we have a commutative diagram 

F{A) ^ F{B) 

e e 

G{A) G{B) 

and compatible transitive actions of the abelian groups F{I), G{I) on the fibres 
of the horizontal maps. Since F{I) G{I) is surjective this proves Step 1. 
Step 2: Let 

— >I^A-^B — ^0 
be a small extension in NAp_^ and b £ F{B). Then b lifts to F[A) if and only if 
9{b) lifts to G{A). 

The only if part is trivial, let's prove the if part. If 9{b) lifts to G{A) then 
ob{9{b)) = in since the obstruction maps commute with natural trans- 

formation of functors and G{I[1]) is injective, also ob{b) = in 

and then b hfts to F{A). 

Step 3: For every surjective morphism [3: A ^ G m. the category NAp_^, the 
morphism 

{a,9):F{A)^F{C)xG(c) G{A) 

is surjective. 

Let J be the kernel of (3 and consider the sequence of homogeneous differential 
ideals J = Jq D Ji = AJq D J2 = AJi ■ ■ ■ . Since A is nilpotent we have J„ / 
and Jn+i = for some n > 0. Denoting by / = J„ and B = A/I we have a small 
extension 

— >I — >A-^B — >0 
By induction on dim^ A we can assume that the natural morphism F[B) — > 
F{C) 'Xg(C) G{^) is surjective and therefore it is sufficient to prove that F[A) 
F{B) X(j(5) G(^) is surjective. 

Let a G G{A) be fixed element and let b G F{B) such that 9{b) = a{a). By Step 
2 Q~^(6) is not empty and then by Step 1 a G 9{F{A)). 

Step 4: For every surjective morphism f : A ^ B in the category NA| and 
every a £ F{A) we define 

Spia, f) = {^G F{AxbA)\^^ (a, a) G F{A) x^^b) F{A) c F{A) x F{A)}. 

By definition, if / is a small extension and / = ker/ then SF{a,f) is naturally 
isomorphic to the stabilizer of a under the action of F{I) on the fibre f~^{f{a)). 
It is also clear that: 

(1) 9{SF{aJ))(lSG{9{a),f). 
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(2) If a: i? —> C is a surjective morphism if NA, then S'i?(a, /) = a/)), 
where h: F(A Xb A) ^ F{A Xq A) is induced by the natural inclusions 
Axb Ac Axc A. 

Step 5: For every surjective morphism /: A ^ B in NA^ and every a G F(A) 
the map 9: SF{a,f) — > SciOia), f) is surjective. 

This is trivially true li B = 0, we prove the general assertion by induction on 
diniK B. Let 

— >I — >B-^C — >0 
be a small extension with 1^0, set g = af and denote hy h: A Xq A ^ I the 
surjective morphism in NA^ defined by h{ai,a2) = — /(a2); we have an 

exact sequence 

— >A X B A^A xc A-^I — ^0. 
According to 2a of IV. 591 the maps 

F{A xbA)^ F{A xc A) n h'^{0); Spia, f) SF{a,g) n h-^{0) 
are surjective. 

Let E Sci0{a), f) and let r] £ SF{a,g) such that 9{r]) = i(^). Since F{I) = 
G{I) we have h{rj) = and then r/ lifts to some G Spia,/). According to 
Theorem IV. 691 there exist surjective maps commuting with 9 

F{A xbA)x F{I[-1])^F{A xb A) x f{AxcA) F{A xbA) 

G{A XB A) X G{I[-1])^G{A xb A) Xg(a>ccA) G{A xb A) 
Since F{I[—1]) G{I[—1]) is surjective there exists v G 1]) such that 

Qmi),eiv)) = i9{^i),i); defining e G F{AxbA) by the formula q{Ci,v) = (6,0 
we get 6{(,) = ^ and then ^ G Spia, /). 

Step 6: For every A G NA^ the map 0: F{A) G{A) is injective. 

According to Lemma IV.681 this is true if =0; if 7^ we can suppose by 
induction that there exists a small extension 

— >I^A-^B — ^0 

with I 7^ and 6*: F{B) G{B) injective. 

Let ai,a2 G F[A) be two elements such that 9{ai) = ^(02); by assumption 
/(ai) = /(a2) and then there exists t G F{I) such that 7?i?(oi,t) = (01,02). Since 
-i? is a natural transformation 'dG{9{ai),9{t)) = (9(ai),9(a2)) and then 9{t) G 
SG{9{ai),a). By Step 5 there exists s G 5i?(ai,a) such that 9{s) = 9{t) and by 
injectivity of 9: F{I) — > G{I) we get s = t and then ai = 02. 

□ 

As an immediate consequence we have: 

Corollary V.72. A morphism of deformation functors 9: F ^ G is an iso- 
morphism if and only if it is a quasiisomorphism. 

Proof of Theorem IV. 5 11 We apply Theorem |V. 7 II to the morphism of de- 
formation functors 9 = Def,^: Def^ — > Defiv. 

According to Theorem IV. 661 the first item of lV.Sll is exactly the first item of lV.711 
for p = l,g = 0, while the second item of IV.51I is exactly the third item of IV. 711 
for p = g = 0. □ 
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9. Historical survey, ^ 

The material Sections ^ |21 and 13 is standard and well exposed in the literature 
about Lie algebras; in Sections IH El and El we follows the approach of j52| . while 
the material of Sections [7| and |H1 comes from _53J . 

Some remarks on the introduction of this Chapter: 

A) Given a deformation problem, in general it is not an easy task to find a fac- 
torization as in the introduction and in some cases it is still unknown. 

B) Even in the simplest examples, the governing DGLA is only defined up to 
(non canonical) quasiisomorphism and then the Theorem IV. 5 1 1 is a necessary back- 
ground for the whole theory. 

For example, there are very good reasons to consider, for the study of deforma- 
tions of a compact complex manifold M, the DGLA L = ®L*, where L* is the 
completion of T{M,A^^\Tm)) is a suitable Sobolev's norm. According to elliptic 
regularity the inclusion KS(M) C L is a quasiisomorphism of DGLA. 
In general a correct procedure gives, for every deformation problem P with asso- 
ciated deformation functor Defp, a connected subcategory P C DGLA with the 
following properties: 

(1) If L is an object of P then Defj: = Defp. 

(2) Every morphism in P is a quasiisomorphism of DGLA. 

(3) If Morp(L,A^) ^ then the induced isomorphism Def „ : Def/, — > Defjv 
is independent from the choice of a G Morp(L, N). 

C) It may happen that two people, say Circino and Olibri, starting from the same 
deformation problem, get two non-quasiisomorphic DGLA governing the problem. 
This is possible because the DGLA governs an extended (or derived) deformation 
problem. If Circino and Olibri have in mind two different extensions of the prob- 
lem then they get different DGLA. 

D) Although the interpretation of deformation problems in terms of solutions of 
Maurer-Cartan equation is very useful on its own, in many situation it is unavoid- 
able to recognize that the category of DGLA is too rigid for a "good" theory. 
The appropriate way of extending this category will be the introduction of Loo- 
algebras; these new objects will be described in Chapter IIXI 



CHAPTER VI 



Kahler manifolds 

This chapter provides a basic introduction to Kahler manifolds. We first study 
the local theory, following essentially Weil's book |80) and then, assuming har- 
monic and elliptic theory, we give a proof of the 90-lemma which is presented both 
in the classical version fTheorem lVI.371 Item 2) and in the "homological" version 
(Theorem IVOTl Item 1). 

The material of this Chapter is widely present in the literature, with the possible 
exception of the homological version of 99-lemma; I only tried to simplify the 
presentation and some proofs. The main references are |80j . j81j and jllj 



1. Covectors on complex vector spaces 

Given a complex vector space E of dimension n we denote by: 

• E"^ = Homc(-E,C) its dual. 

• Ec = E^^C, with the structure of C-vector space induced by the scalar 
multiplication a{v b) = v ab. 

• E its complex conjugate. 

The conjugate E is defined as the set of formal symbols v, v £ E with the vector 
space structure given by 

v + w = v + w, av = av. 

The conjugation ~: E^E,v>-^visa M-linear isomorphism. 
There exists a list of natural isomorphisms (details left as exercise) 

(1) {Ecr = (i?^)c = HomR(i?,C) 

(2) E^ = e"" given by /(v) = /(v), f g E"" , v G E. 

(3) E(BE^Ec, (u,I(J) I— > v (g) 1 — (g) i + It; (gi 1 + zio (gi i, being i a square 
root of —1. 

(4) E"" eW ^ E^=Rom^{E,C), U M^) = fiv) 

Under these isomorphisms, the image of E'^ (resp.: E^) inside E'^ is the sub- 
space of / such that f{iv) = if{v) (resp.: f{iv) = —if{v)). Moreover E'^ = E'^ , 
e"" = E\ 

For < p, g < n we set A^''^ = /\^ E"^ (g /\'^ E^ : this is called the space of 
{p, g)-covectors of E. We also set = (Ba+b=pA"''^ (the space of p-covectors) and 

Marco Manetti: Lectures on deformations of complex manifolds 

95 



96 VI. KAHLER MANIFOLDS 

A = ®a,b'A"-'^. Denote by Pa,b ■ A A"-'^, Pp-. A-^ A^ the projections. 
If zi , . . . , is a basis of E"^ then zT, is a basis of and therefore 

A . . . A Zip A A . . . A ii < . . . < ip, ji < . . . < jg 

is a basis of Since = E"^ (BE^^ , we have A*^c = 

The complex conjugation is defined in A and gives a M-Unear isomorphism ~: A^ 
A. On the above basis, the conjugation acts as 

Zi^ A . . . A Zi^ Azj^ A . . . Azj^ = {-l^^Zj^^ A . . . A zj^ Az^ A . . . Az^. 
Since A"-''' = A''^", we have Pa,b{r}) = Pb,a{^)- 
Definition VI. 1. The operator C: ^ — >^ ^ is defined by the formula 

C = Y,i''~'Pa,b. 

a,b 

Note that C(n) = C(u) (i.e. C is a real operator) and = 

2. The exterior algebra of a Hermitian space 

Let E he a, complex vector space of dimension n. A Hermitian form on £^ is a 
R-bilinear map h: E x E ^ C satisfying the conditions 

(1) h{av, w) = ah{v, w), h{v, aw) = ah{v, w), a E C, v,w E E. 

(2) h{w,v) = h{v,w), v.w G E. 

Note that h{v, v) & M. for every v. h is called positive definite if h{v, v) > for 
every v ^ 0. 

Definition VI. 2. A Hermitian space is a pair {E, h) where his a, positive definite 
Hermitian form on E. 

It is well known that a Hermitian form ^ on a finite dimensional vector space E 
is positive definite if and only if it admits a unitary basis, i.e. a basis ei, . . . , e„ of 
E such that h{ei,ej) = 5ij. 

Every Hermitian space (E, h) induces canonical Hermitian structures on the as- 
sociated vector spaces. For example 

h:ExE^C, h{v,w) = h{v,w) 

and 

hP : X A^-^ C, hP{vi A...AVp,wiA...AWp) = det{h{vi, Wj)) 

are Hermitian forms. If ei, . . . , e„ is a unitary basis of E then el, . . . , is a uni- 
tary basis for h and e^^ A . . . A e^j,, ii < . . . < ij,, is a unitary basis for h^. 

Similarly, if (F, k) is another Hermitian space then we have natural Hermitian 
structures on E ^ F and Home {E, F) given by 

hk: Ei^iF ^ C, hk{v ® f,w® g) = h{v, w)k{f, g) 

n 

K'k : Homc(£;, F) ^ C, h^kif, g) =Y, Hf{ei), g{ei)) 

i=l 
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where ej is a unitary basis of E. It is an easy exercise (left to the reader) to prove 
that h'^k is well defined and positive definite. 

In particular the complex dual E"^ is a Hermitian space and the dual basis of a 
unitary basis for h is a unitary basis for h"^ . 

Let ei, . . . , en be a basis of E, zi, . . . , Zn & E"^ its dual basis; then 

h{v,w) = y^^hijZi{v)zj{w) 

where hij = h{ei,ej). Wc have hji = hij and the basis is unitary if and only if 
h-ij = Sij. We then write h = hijZi^'Zj; in doing this we also consider h as an 

element oi E^ = {E . 

Taking the real and the imaginary part of h we have h = p — iu, with p, a; : Ex 
E ^R. It is immediate to observe that p is symmetric, uj is skewsymmetric and 

p{iv,iw) = p{v,w), uj{iv,iw) = Lo{v,w), p{iv,w) = uj{v,w). 

Since Zi A'zJ = Zi <Si'Zj —'zj <Si Zi, we can write 



Note that lv is real, i.e. uJ = to, and the Hermitian form is positive definite if and 
only if for every v ^ 0, h{v,v) = p{v,v) = Lo{v,iv) > 0. The basis ei, . . . ,e„ is 

unitary if and only if a; = ^ Zi A . 

i 

Let now ei , . . . , e„ be a fixed unitary basis of a Hermitian space {E, h) with dual 
basis zi,...,Zn and denote Uj = i^Zj /\ 'zj; if zj = xj + iyj then Uj = Xj A yj and 

= Ui A . . . A Un = Xi A yi A . . . A Xn /\ Vn- 

nl 

Since xi,yi,. . . ,Xn,yn is a system of coordinates on E, considered as a real ori- 
ented vector space of dimension 2n and the quadratic form p is written in this 
coordinates 

n 

p(v, v) = Y(xi{vf + yi{vf), 
1=1 

we get from the above formula that uj^^/n\ £ /\^"'Hom]R(£', M) is the volume 
element associated to the scalar product p on E. ^ 

For notational simplicity, if yl = {ai, . . . , Op} C {1, . . . , n} and ai < 02 < . . . < 
Op, we denote |A| = p and 

ZA = Zai A . . . A Zap, ZA = ZaiA...AZap, UA = A . . . A Ua^. 

For every decomposition of{l,...,n} = AUBUMUN into four disjoint subsets, 
we denote 

ZA,B,M,N = -^^ZaAZs a Um e A\^\^m,\B\^m 

These elements give a basis of A which we call standard basis. 
Note that za,b,m,n = (-1)'"^' ^^^zb,a,m,n- 
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Definition VI. 3. The C-linear operator *: A^'*^ j\n-g,n-p -g (jg^ng^j a,s 

*ZA,B,M,N = sgn{A, B)i\'^^'^\^\zA,B,N,M, 
where sgn{A,B) = ±1 is the sign compatible with the formulas 

(2) ZA,B,M,N A *ZA,B,M,N = ZA,B,M,N A *Za,B,M,N = Ui A . . . A Un- 

(3) 

„_1 , (\A\ + \B\)(\A\ + \B\+1) ^.(P+R}(P+3+R + \M\ 

C * ZA,B,M,N = [-1) 2 ZA,B,N,M = i-^) ^ ^Za,B,N,M- 

Exercise VI. 4. Verify that Definition IVL.Sl is well posed. A 
In particular 

* ZA,B,M,N = (-Ij' ' ' ^ZA,B,M,N = (-Ij Za,B,M,N 

and then 

(C7-i*)2 = Id, *2 ^ C2 = ^(-l)PPp. 

p 

If we denote vol: C — > the multiplication for the "volume element" a;^"/n!, 
then vol is an isomorphism and we can consider the M-bilinear maps 

( , ) : A"'^ X A"'^ C, {v, w) = vol-^{v A*w) = vor^{v A *w). 

Clearly ( , ) is C-linear on the first member and C-antilinear in the second; since 

/■ 

1 if A = A',B = B',M = M',N = N' 



{za,B,M,N,ZA',B',M',N') = < 



otherwise 



we have that ( , ) is a positive definite Hermitian form with the za,b,m,n's, 
\A\ + \M\ = a, \B\ + \M\ = b, a unitary basis; since * sends unitary basis into 
unitary basis we also get that * : A""'^ j^n-b,n-a jg isometry. 

Lemma VI. 5. The Hermitian form { , ) is the Hermitian form associated to the 
Hermitian space {E, h/2). In particular ( , ) and * are independent from the choice 
of the unitary basis ei, . . . , e„. 

Proof. The basis \/2ei, . . . , \/2e„ is a unitary basis for h/2 and then the 
standard basis is a unitary basis for the associated Hermitian structures on A. 
Prom the formula (v, w)uj^'^ = n](vA*w) and from the fact that the wedge product 
is nondegenerate follows that * depends only by uj and ( , ). □ 

Consider now, for every j = 1, . . . ,n, the linear operators 

Lj : AP''^ ^ , Lj {ri)=riA Uj , 

where H denotes the contraction on the right. More concretely, in the standard 
basis 



LiZA,B,M,N = < 



ZA,BM^{i},N-{i} ifi £ N 
otherwise 
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KZA,B,M,N = 



ZA,B,M-{i},NLl{i} if i G M 

otherwise 

It is therefore immediate to observe that Lj* = *Aj and *Li = Aj*. Setting 
L = Lj, A = Aj we have therefore 

L{ri) = rj Au>, A = *^^L* = *L . 

Lemma VI. 6. The operators L and A do not depend from the choice of the unitary 
basis. 

Proof, lo and * do not depend. □ 
Proposition VI. 7. The following commuting relations hold: 

2n 

[L,C]=0, [A,C]=0, [*,C]=0, [A,L]=J2{n-p)Pp. 

p=0 

Proof. Only the last is nontrivial, we have: 

LZA,B,M,N = ^ ZA,B,M^{i},N-{i}, Aza,B,M,N = ^ ZA,B,M-{i},NL>{i}^ 

^LZA,B,M,N = ^ZA,B,M,N + ZA,B,MLi{i}-{j},NLl{j}-{i}, 
ieN jeMiGN 

LAZA,B,M,N = ^ ZA,B,M,N + XI XI ^A,B,M^{i}-{j},NU{j}-{i}- 

ieM jeMieN 

Therefore we get 

(AL - LA)zA,B,M,N = {\N\ - \M\)zA,B,M,N = (n - 1^1 - \B\ - 2\M\)za,b,m,n- 
and then 

2n 

[A,L] = Y,in-p)Pp. 

p=0 

□ 



3. The Lefschetz decomposition 

The aim of this section is to study the structure of /\*'* E"^ as a module over the 
algebra $ generated by the linear operators C~^*,L, A. 

In the notation of the previous section, it is immediate to see that there exists 
a direct sum decomposition of ^-modules /\*'* E"^ = 0Va,_b, where Va,b is the 
subspace generated by the 2"~l"^l~l-^l elements za,b,m,n, being A, B fixed. 
It is also clear that every Va,b is isomorphic to one of the ^-modules r), 
/i G N, r = ±1, defined in the following way: 

(1) V{h,T) is the C-vector space with basis um, M c {1, . . . ,h}. 

(2) The linear operators L, A and C~^* act on r) as 

LUM = ^MU{i|, A^M = UM-{i}-, *UM = TUM'^, 

where M'^ = {1, . . . ,h} — M denotes the complement of M. 
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We have a direct sum decomposition 

Vih,T)= e Va, 

ash (mod 2) 

where is the subspace generated by the um with |M^| — \M\ = a. An element 

of Va is called homogeneous of weight a. Set : V{h, t) Va the projection. 
Note that L: Va 14-2, A: F„ F„+2 and C"^*: Va ^ VL^- 
We have already seen that 

[A,L] = ^aPa, LC~^* = C-^*A, C'^ * L = AC'^ * . 

A simple combinatorial argument shows that for every r > 0, 

L'^UM = rl ^ UN- 

McN,\N\=\M\+r 

Lemma VI. 8. For every r > 1 we have 

[A,U]=J2r{a-r+l)U-'Pa. 

a 

Proof. This has already done for r = 1, we prove the general statement for 
induction on r. We have 

[A,L'+^] = [A,U]L + U[A,L] = J2ria-r + l)L'-^PaL + J2aPa. 

a a 

Since PaL = LPa+2 we have 

[A, =Y^r{a-r + l)V Pa+2 + Y.aPa = Y.{r{a - r - 1) + aW Pa- 

Oi CX O. 

□ 

Definition VI. 9. A homogeneous vector v & Vq is called primitive if Av = 0. 

Proposition VI. 10. Let v GVa be a primitive element, then: 

(1) L'^v = for every q > max(a + 1,0). In particular if a < then v = 
L% = 0. 

(2) // a > 0, then for every p > q>0 

p 

AP-'iU>v= Yl r{a-r + l)Liv; 

r=q+l 

in particular A'^L'^v = a\^v. 
Proof. We first note that for s,r > 1 

A'L^'v = A^-^[A,L'"]'y = r{a-r + l)A'-'^L''-^v. 
and then for every p > q >0 

p 

AP-^LPv= Yl r{a-r + l)Liv. 

r=q+l 

If p > q > a then r{a — r + 1) 7^ for every r > q and then L'^v = if and only if 
AP~iLPv = 0: taking p >> we get the required vanishing. □ 
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Lemma VI. 11. Let a > 0, m = {h — a)/2 and v = ^\M\=m^MUM S Va, clm £ C 
// V is primitive, then for every M 

au = (-1)" flTV- 

NcM'^,\N\=m 

Proof. For m = the above equality becomes 00 = a0 and therefore we can 
assume m > 0. Let M C {1, . . . , /i} be a fixed subset of cardinahty m, since 

= = ^ (^H^ UH~{i} = X] X] "Jvu{j} 
\H\=m ieH |Ar|=m-l i<^N 

we get for every N C {1, . . . ,h} cardinahty m — 1 the equahty 
Rn : ^ a^u^ij = - ^ aAru{i}- 

iGM-N i^MUN 

For every < r < m denote by 

Sr = ^ an- 

\H\=m,\HnM\=r 

Fixing an integer 1 < r < m and taking the sum of the equahties R^, for ah N 
such that Pi M\ = r — 1 we get 

rSr = — (m — r + l)Sr-i 

and then 

C Sm-l 2Sm-2 / -,\m"^'e / T ^m \ " 
ajW = = = } — = ... = (-!] -i>o = (-Ij >^ Oat. 

m mm — 1 m! ■'^ 

^ ' NcM<',\N\=m 

□ 

Lemma VI.12. If v £ Va, a > 0, is primitive, then for every < r < a 

C^i * L^v = t(-1)"-^— -L^-'t;, 
(a — rj! 

where m = (h — a)/2. 

Proof. Consider first the case r = 0; writing v = YI'^nun with |A^| = m, 
Cat G C, we have: 

= X] flA^ X] UM = X] '^A ^ WAfc = ^ UMc ^ OAT. 

|A|=m AcAf |A|=m AfcA'^ \M\=m AcM'^ 

\M\=m+a \M\=m |A|=m 

* V = T ^ UmUM'^- 

\M\=m 

The equahty C^^ *v = r(a!)~^L"f foUows immediately from Lemma IVI.llI If 
r > 1 then 

al 

Using the formula of IVI.lOl we get 

a! (a — rl! 

j=Q.--r+l ^ ' 
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□ 

Theorem VI. 13. (Lefschetz decomposition) 

(1) Every v £Va can be written in a unique way as 

V = L^Vr 
r>max(— C(,0) 

with every Vr G Va+2r primitive. 

(2) For a fixed q > h there exist noncommutative polynomials Ga,r{^, L) with 
rational coefficients such that = Ga,r(A, L)v for every v ^V^. 

Proof. Assume first a > 0, we prove the existence of the decomposition 
V = X],r>o L'''vt as above by induction on the minimum q such that h9v = 0. If 
q = 1 then v is already primitive. If M^^v = then w = Mv G Va+2q is primitive 
and then, setting 7 = nr=i '^('^ + 2g — r + 1), we have 7 > and 

AUv- L«-^ = w- AU^- = 0. 



7/ 7 

This prove the existence when a > 0. If a < then * v G V-a and we can 
write: 

* V = L^Vr, V = C^^ * UVr, Vr G V-a+2r- 
r>0 r>0 

According to Lemma lVl.121 



V = 

r>0 r>— a 

for suitable rational coefficients 7r-. 

The unicity of the decomposition and item 2 are proved at the same time. If 

V = 

r=max(— a,0) 

is a decomposition with every Vr € Va+2r primitive, then L°^~^'^v = L'^^'^'^Vq and 

v„ = 3_^A«+2g^«+2g ^ L^A^+sg^.^+'Jt;. 

^ (a + 2g)!2 « (a + 2g)!2 

Therefore Vq is uniquely determined by v and we can take Gq,^ = (Q+2g)!~2A'^"'"2''L"^''. 
Since v — L'^Vq = (1 — L^Ga,g)t; = X]^=max(-Q 0) ^^'^r we can proceed by decreasing 
induction on q. □ 

Corollary VI. 14. v G Vq,, a > 0, is primitive if and only if L°'~^^v = 0. 

Proof. Let v = X^r>o -^^''^r be the Lefschetz decomposition of v, then X^^>o L"~^^^^Vr 
is the Lefschetz decomposition of L^^^v. Therefore L"+^z; = if and only if 
V = Vq. □ 

It is clear that Theorem I VI . 1 31 and Cor ollar v I VI .141 hold also for every finite direct 
sum of <I>-modules of type V{h,T). 
For later use we reinterpret Lemma IVI. 121 for the (^-module A: we have 

A /TNT^ T^/ I.I inl / ,, (|A| + |B|)(|A| + |B| + 1) 

A=®Va,b, Va,b = V {n-\A\-\B\,{-l) 2 

A,B ^ 
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where the sum is taken over ah pairs of disjoint subsets A, B of {1, . . . ,n}. The 
space Aa = ^{VA,B)a is precisely the space 0^^»>"-a:-« of (n — a)-covectors. 
We then get the following 

Lemma VI.15. If v E A is a primitive p-covector, p < n, then 2 



(-1) 2 





{n — p — r)\ 



if r < n — p 
if r > n — p 



4. Kahler identities 

Let M be a complex manifold of dimension n and denote by A*'* the sheaf of 
differential forms on M. By definition A"'''^ is the sheaf of sections of the complex 
vector bundle A°^m t\"^M ■ The operators Pa,bj Pp c^nd C, defined on the 
fibres of the above bundles, extend in the obvious way to operators in the sheaf 
A*'*. 

If d: A*'* A*'* is the De Rham differential we denote: 

d = Cd'^C-\ d = d + d, dP = i(d-d). 

If 77 is a (p, g)-form then we can write drj = rj' + r)" with 77' G A^'^'^''^, r{' G AP''^^^ 
and then 



ip-q--i 



Since = = 5^ + 55 + 95 + 9 we get = 5^ = 55 + 55 = 5^ and then 
= 0, dd'^ = 2idd = -d^d. 
Using the structure of graded Lie algebra on the space of C-linear operators of 
the sheaf of graded algebras A*'* (with the total degree v = a + hilv & .4"'''), the 
above relation can be rewritten as 

[d, d\=dd + dd = 2d^ = 0, [d^, d'^] = [d, d^] = [5, 5] = [5, 5] = [5, 5] = 0. 

Note finally that d and C are real operators and then also d'-'' is; moreover df] = drj. 

A Hermitian metric on M is a positive definite Hermitian form h on the tangent 
vector bundle Tm- If zi,...,Zn are local holomorphic coordinates then hij = 
f d d \ 

h -7: — , -7: — is a smooth function and the matrix (ha) is Hermitian and positive 
\dzi dzjj 

definite. The local expression of h is then h = ^ijdzi dzj and the differential 
form 

a; = ^ ^ hijdzi A e T{M, A^'^) 

is globally definite and gives the imaginary part of —h; u is called the (real, (1, 1)) 
associated form to h. 
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The choice of a Hermitian metric on M induces, for every open subset U C M, 
hnear operators 

*: T{U,A'''^) r(C/,^"-'''"-"), 

A: r(c/,^"'^) ^ r(c/,^"~i'^-i), A = *'^L* = {c-^*)-^LC-^ * . 

The commuting relations between them 

[L, C] = [A, C] = [*, C] = [L, *2] = 0, [A, L'] = ^rin-p-r+ l)Pp 

p 

are stih vahd. 

A differential form v is primitive if Av = 0; the existence of the polynomials 
G^_p j.{A, L) (cf. Theorem IVI.13P gives the existence and unicity of Lefschetz 
decomposition for every differential p-form 

V = L^Vr, AVr = 0. 

r>max(p— n,0) 

We set: 

S = -*d*, 5^ = -*(f* = C-^5C, 

a* a ^-^^^ 75* 5 + i(5^ 

o = — * d* = , o = — * o* = . 

2 ' 2 

Definition VI. 16. The Hermitian metric h is called a Kdhler metric if duj = 0. 

Almost all the good properties of Kahler metrics come from the following 

Theorem VI. 17. (Kahler identities) Let h be a Kdhler metric on a complex 
manifold, then: 



[L, d]=0 


[L, d^] = 


[L,d]=0 


[L,d]=0 


[A,d] = -S^ 


[A,d^']=S 


[A,d] =id* 


[A, 5] = -id* 


[L,S] =d^ 


[L,6^] = -d 


[L, d*] = id 


[L,d*] = -id 


[A,6]=0 


[A,5^'] = 


[A, d*] = 


[A,d*]=0 



Proof. It is sufficient to prove that [L, d] = and [A, d] = —6^. In fact, since 
A = *~^L* = *L*~^ we have [A, 6] + *[L, d]* = and [L, 6] + *[A, d]* = 0: this will 
prove the first column. The second column follows from the first using the fact 
that C commutes with L and A. The last two columns are linear combinations of 
the first two. 

If u is a p-form then, since duj = 0, 

[L, d]v = dv Auj - d{v Auj) = -{-l)'^v Aduj = 0. 

According to the Lefschetz decomposition it is sufficient to prove that [A, d]L'^u = 
—6^L^u for every r > and every primitive p-form u {p < n). We first note 
that, being u primitive, L"^p+^u = and then L'"'^f^^du = dL^^'f^^u = 0. This 
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implies that the Lefschetz decomposition of du is du = uq + Lui. 
Setting a = n — p, we have u G Va, uq £ Va-i, ui £ Va+i- 

[A, d]V'u = KUdu - dkUu = KUuq + kU+^m -r{a-r + l)dU-^u = 
= r{a — r)V~^UQ + {r + \){a — r + \)Vui—r{a — r + \)U^^UQ — r{a — r + \)U'ui = 

= -rU^^UQ + {a-r + 

On the other hand we have bv lVT.151 

-5^U'u = C~^*d* CUu = C-^ * dC^C-^ * Uu 

= C-^ * dg^(-i)P(p+i)/2 ^' . L"-'-^ 

(a — r)\ 

and then 

-5^Uu = (_i)P(p-i)/2 ^' g-i ^ L^-^'(uo + Lui). 

(a — r)\ 

Again bv lVI.151 

(r — Ij! 

* L-'^+ini = (_i)(p-iW2 ("-^ + l)' ^»-^^, 

r! 

Putting all the terms together we obtain the result. □ 

Corollary VI. 18. Ifiv is the associated form of a Kdhler metric h then dLo^'^ = 
§co^P = for every p > . 

Proof. The equality duj^^ = follows immediately from the Leibnitz rule. 
Since uj^'^ is a {p, p) form, we have Cuj^^ = uj^^ and then also d^LO^^ = 0. 
We prove 5uj^^ = by induction on p, being the result trivial when p = 0. If p > 
we have 

= d^Lu^P-^ = L6lo^p-^ - 6Lio^P^^ = -6io^P. 

□ 

The gang of Laplacians is composed by: 

(1) Arf = A = [d, 5]=d6 + 5d. 

(2) Arfc = A^ = C^iAC = [d^,5^] = d^5^ + 6^d^. 

(3) Ag = □ = [d, d*] = dd* + d*d. 

(4) A^ = □ = [d, d*] = dd* + d*d. 

A straightforward computation shows that A + A*^ = 20 + 20. 
Corollary VI. 19. In the above notation, if h is a Kdhler metric then: 

[d,6'^] = [d^,6] = [d,d*] = [d,d*] = 0, ^A = ^A^ = □ = □. 

In particular A is bihomogeneous of degree (0, 0) . 
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Proof. According to Theorem I VI . 1 71 and the Jacobi identity we have 
[d,6''] = [d, [d,A]] = ^[[d,d],A]=0. 

The proof of = [5,9*] = [5,9*] = is similar and left as exercise. For the 

equalities among Laplacians it is sufficient to shows that A = A*^ and □ = □. 
According to the Kahler identities 

A = [d, 6] = [d, [A, d^']] = [[d, A],d^] + [A, [d, d% 

Since [d, d'^] = dd^ + d^ d = we have 

A = [d,6] = [[d,A],d^] = [5^,d^] = A^. 

The proof of □ = □ is similar and it is left to the reader. □ 

Corollary VI. 20. In the above notation, if h is a Kdhler metric, then A com- 
mutes with all the operators Pa^b, d, L, C , A, d^ , d, d, 5, 5^ , d* , d . 

Proof. Since A is of type (0, 0) it is clear that commutes with the projections 
Pa,b- Recalling that 6 = — * d* we get d = *5* and then 

*A = *d5 + *5d = — *d*d* + *5*d* = 5d* +d5* = A * . 
[L,A] = [L,[d,S]] = [[L,d],6] + [[L,6],d] = [d^,d] = 0. 

[d,A] = [d, [d,6]]=^[[d,d],6]=0. 

Now it is sufficient to observe that all the operators in the statement belong to 
the C-algebra generated by Pa.fei *i d and L. □ 

Definition VI. 21. A p-form v is called harmonic if Av = 0. 

Corollary VI. 22. Let h be a Kdhler metric and let v = L^Vr be the Lefschetz 
decomposition of a p-form. 

Then v is harmonic if and only if Vr is harmonic for every r. 

Proof. Since A commutes with L, if Avr = for every r then also Av = 0. 
Conversely, since Vr = Gp j.{A,L)v for suitable noncommutative polynomials with 
rational coefficients Gp^., and A commutes with A,L then v harmonic implies 
Avr = for every r. □ 

Corollary VI. 23. In the above notation, if h is a Kdhler metric and v is a 
closed primitive {p,q)-form then v is harmonic. 

Note that if either p = or q = then v is always primitive. 

Proof. It is sufficient to prove that 5v = 0, we have 

dv = C6^C-^v = i'^-PC5^v = ii-PC[d,A]v = 0. 

□ 
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5. Kahler metrics on compact manifolds 

In this section we assume M compact complex manifold of dimension n. We 
denote by L«'^ = r(M,^«'^), = ©„+fe=pL»'^ L = ©^Lf. 

Every Hermitian metric h on M induces a structure of pre-Hilbert space on L"'^ 
for every a, b (and then also on L) given by: 



(p A 



M 



We have already seen that the operator *: L 



a,b 



L 



n—a'ri—b 



is an isometry com- 



muting with the complex conjugation and then we also have: 



(0,V') 



A*^ = (-1) 



a+b 



*4> Alp 



V' A *0 = {ip, (p). 



IM JM JM JM 

Proposition VI. 24. With respect to the above pre-Hilbert structures we have the 
following pairs (written in columns) of formally adjoint operator: 



operator 


d 


d^ 


d 


d 


L 


formal adjoin I 


S 




0* 


Tf 


A 



In particular, all the four Laplacians are formally self-adjoint operators. 

Proof. We show here only that 5 is the formal adjoint of d. The proof of the 

remaining assertions is essentially the same and it is left as exercise. 
Let ^ be a p-form and 'ip a, p + 1-form. By Stokes theorem 

= / d{(pA^)= #A^^+(-lf / (pAd^. 
JM JM JM 

Since d*'ip = d* tp and d*ip = (— ^'^ d*%p = —(—1)^ * Sip we get 
0=/ d4>Amp- I (pA^={d(p,ip)-{(l),6'ip). 

JM 



M 



□ 



Let D be any of the operator d,d^' ,d,d; denote D* its formal adjoint and by 
Ad = DD* + D*D its Laplacian (i.e. = A, = □ etc.). The space of 
D-harmonic p-forms is denoted by TY^j = ker Ad Pi LP. 

Lemma VI. 25. We have kcr A^ = kcr D n kcr D* . 

Proof. The inclusion D is immediate from the definitions of the Laplacian. 
The inclusion C comes from 

{Ad^A) = {DD*<j>,<j>) + {D*D<j>,<j>) = {D*cl>,D*<P) + {Dcl>,Dcf>) = \\D*<pf + \\Dcj>f . 

□ 

The theory of elliptic self-adjoint operators on compact manifolds gives: 

Theorem VI.26. In the notation above the spaces of D -harmonic forms are 
finite dimensional and there exist orthogonal decompositions 

i/ = 7^5,©ImAD. 
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Proof. See e.g. FfH. □ 

Corollary VI. 27. The natural projection maps 

^ HP{M, c), re/ ^ F|(M, i^p) 

are isomorphism. 

Proof. We first note that, according to Lemma IVI. 251 every harmonic form 
is closed and then the above projection maps makes sense. It is evident that 
Im A C Im d + Im 5. On the other hand, since d, 5 are formally adjoint and 
c?^ = = we have kerd _L ImJ, kerJ _L Imd: this implies that Imd, IvuS and 

are pairwise orthogonal. Therefore Im A = Im d © Im 6 and ker d = TC^ © Im d; 
the conclusion follows by De Rham theorem. 

The isomorphism Tl/ — > Hl{M, Qp) is proved in the same way (with Dolbeault's 
theorem instead of De Rham) and it is left as exercise. □ 

Corollary VI. 28. The map Ad- ImA/j ^ ImAz) is bijective. 

Proof. Trivial consequence of Theorem IVI.26I □ 

We define the harmonic projection Hq : — > TC^ as the orthogonal projection 
and the Green operator Go - ImA^) as the composition of 

: LP i±J^ Im Ad ^ Im As. 
Note that AdGd = Gd^d = Id- Hd and GdHd = HdGd = 0. 

Lemma VI.29. If K is an operator commuting with then K commutes with 
Gd- 

Proof. Exercise (Hint: K preserves image and kernel of A/)). □ 
If /i is a Kahler metric, then the equality A = 20 implies that 

Hd = Hdc = Hd = Hq, Gd = G^c = -Gg = -jG-Q- 

In particular, according to Lemma IVI. 291 and Corollary IVL201 G^ = G^c com- 
mutes with d, d^ . 



Corollary VI. 30. If h is a Kdhler metric on a compact manifold then: Every 
holomorphic p-form on M is harmonic. 

Proof. According to Corollary fVI.271 the inclusion C T{M,Qp) is an 
isomorphism and then if is a holomorphic p-form we have A{rj) = 20 (r?) =0. □ 

Exercise VI. 31. Let u 7^ be a primitive {p, g)-form on a compact manifold M 
with Kahler form uj. Prove that 

/ t; A U A a;^"~P- V 0. 
Jm 

A 
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6. Compact Kahler manifolds 

In this section we will prove that certain good properties concerning the topology 
and the complex structure of compact complex manifolds are true whenever we 
assume the existence of a Kahler metric. This motivates the following definition: 

Definition VI. 32. A complex manifold M s called a Kahler manifolds if there 
exists a Kahler metric on M. 

We note that, while every complex manifold admits a Hermitian metric (this is 
an easy application of partitions of unity, cf. 37, Thm. 3.14]), not every complex 
manifold is Kahlerian. We recall the following 

Theorem VI. 33. (1) C", P" and the complex tori are Kahler manifolds. 
(2) If M is a Kahler manifold and N <Z M is a regular submanifold then also 
N is a Kahler manifolds. 

For a proof of Theorem IVI.33I we refer to |26j . 

From now on M is a fixed compact Kahler manifold on dimension n. 
For every m < 2n we denote by H"^{M,C) = H"'{M,R) 0k C the De Rham 
cohomology C-vector spaces. We note that a differential m-form rj is d-closed if 
and only if its conjugate rj is. In particular the complex conjugation induce an 
isomorphism of vector spaces H'^(M, C) = H"^{M, C). 

If p + q = m we denote by F^''' C H'^{M, C) the subspace of cohomology classes 
represented by d-closed form of type {p, q) (note that a (p, g)-form r] is d-closed if 
and only if it is dri = drj = 0). It is clear that Fp^ = F'^'P . 



Theorem VI. 34 (Hodge decomposition). In the notation above we have 

and the natural morphisms F^''^ Hq'^ are isomorphisms. 

Proof. Take a Kahler metric on M and use it to define the four Laplacians, 
the harmonic projectors and the Green operators. According to Corollarv IVI.19I 
the Laplacian A is bihomogeneous of bidegree (0, 0) and we have 

kerAnL«= kerAnL'^'^ 

The isomorphism ker A n L'^ ^ H'^{At^) induces injective maps ker A n L"''' — >• 
pa,h.^ this maps are also surjective because every closed form a is cohomologically 
equivalent to its harmonic projection Ha and H is bihomogeneous of bidegree 
(0,0). 

The last equalities follow from the isomorphisms 

ker A n L"'^ = ker □ n L'^''' = Hg'\M), ker A n L"'^ = ker □ n L'^'^ = H^'\m). 

□ 

Corollary VI. 35. If M is a compact Kahler manifold then: 

(1) h = Ea+b=^h''''. 

(2) h^''^ = h'^'P, in particular hi is even if i is odd. 

(3) hP'P > 0, in particular hi > if i is even. 
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(4) Every holomorphic p-form on M is d-closed. 
(hi = dimci?*(M,C) are the Betti numbers, /i^'^ = dime (M , QP) the Hodge 
numbers.) 

Proof. Items 1 and 2 are immediate consequence of the Hodge decomposi- 
tion. Take a Kahler metric on M and use it to define the four Laplacians, the 
harmonic projectors and the Green operators. Let u be the associated form of 
the Kahler metric on M. According to Coronarv lVl.181 uj^^ is harmonic and then 
ker □ n LP'P = ker A n LP'P / 0. 

Finahy, by Corollary I VI. 301 the holomorphic forms are A-harmonic and therefore 
d-closed. □ 



Example VI. 36. The Hopf surfaces (Example II. 6|) have 6i = 63 = 1, 62 = and 
then are not Kahler. 

Finally we are in a position to prove the following 

Theorem VI. 37. (39-Lemma) Let M be a compact Kahler manifold. Then 

(1) There exists a linear operator a: L ^ L of bidegree (0, —1) such that 

[d,a]=0, [d,a]d=[d,ad]=d. 

(2) Im dd = ker d n Im d = ker d n Im d. 

Proof. [1] Choose a Kahler metric and define a = Ggd* . According to lVI.191 
IVI.20I and IVI.29| we have a = d*G-Q, [d,a] = and, denoting by H the harmonic 
projection, 

[d, a]d = GgAgd = {Id - H)d = d. 

[2] (cf. Exercise IVI.39|) We prove only Im dd = ker d H Im d, being the other 
equality the conjugate of this one. The inclusion C is evident, conversely let 
X = da be a 9-closed differential form; we can write 

X = da= [5, a]da = dada -|- odda = —ddaa — adx = dd{aa). 

□ 

Corollary VI. 38. Let M be a compact Kahler manifold. Then for every p,q 
the natural maps 

keranker9nLP'5 ker 5 n ker 9 n L^-^ kerSnL^'^ 

= > -r= > -= = H^M, np) 

ddLP-^^1-^ d{ker d n LP'i-^) dLP^i-^ 

ker a n ker 9 n L^'^ ker a n ker 9 n L^'^ ker d n LP'« 
ddLP-^^1-^ ' 5(keranLP-i'9) ^ dLP-^^i 
are isomophisms. 

Proof. The two lines are conjugates each other and then it is sufficient to 
prove that the maps on the first row are isomorphisms. 

Choose a Kahler metric, every (9-closed form (j) can be written as (j) = a + dip with 
□a = 0. Since □ = □ we have da = and then the above maps are surjective. 
According to Theorem I V 1 . 3 71 we have 

Qg(^P-i,g-i) (- d(kej: d n LP''^-^) C kei d nd{LP''^-^) C dd{LP-^^'^-^) 
and then all the maps are injective. □ 



7. HISTORICAL SURVEY. IVTI 



111 



Exercise VI. 39. Prove that for a double complex {L*'*,d,5) of vector spaces 
(with d,d differentials of respective bidegrees (1,0) and (0,1)) the following con- 
ditions are equivalent: 

(1) There exists a linear operator a: L*'* of bidegree (0,-1) such 
that 

[d,a]=0, [6,a]d=[6,ad]=d. 

(2) Im d5 = ker 5 n Im d. 

(Hint: The implication [1 ^ 2] is the same as in Theorem I VI. 371 In order to 
prove [2 1] write L""'^ = F"^^ ® C"''' with F"^^ = dL"'^^^ and observe that the 
complexes (-F"'*,(5) are acyclic. Define first a: F*^'^ — > F°''^~^ such that [5, fjjd = d 
and then a : C"^'^ C"'*-^ such that [d, a] = 0.) A 



7. Historical survey, IVII 

Most of the properties of Kahler manifolds are stable under deformation. For 
example: 

Theorem VI. 40. Let f:M^B be a family of compact complex manifolds and 
assume that Mb is Kdhlerian for some b £ B. 

Then there exists an open neighbourhood b € U G B such the functions W''^ : U 
N, hP'^iu) = dime HP'i(Mu) are constant and^p^^^^hP'^iu) = dime i^'"(iV4, C) 
for every u & U . 

Proof. (Idea) Exercise ITTsl implies T,p+q=mh^'''i'^) > dime F"'(M„, C) and 
the equality holds whenever M„ is Kahlerian. On the other side, by semicontinuity 
theorem 11.421 the functions HP''^ are semicontinuous and by Ehresmann's theorem 
the function u ^ dime -f^'"(M„, C) is locally constant. □ 

Theorem IV1.40I is one of the main ingredients for the proof of the following 
theorem, proved by Kodaira (cf. |37| . j78| ) 

Theorem VI. 41. Let f : M ^ B be a family of compact complex manifolds. 
Then the subset {b ^ B \ Mf, is Kdhlerian } is open in B. 

The proof of I VI . 4 1 1 rea uir es hard functional and harmonic analysis. 

It seems that the name Kahler manifolds comes from the fact that they were 
defined in a note of Erich Kahler (1906-2000) of 1933 but ah their (first) good 
properties were estabilished by W.V.D. Hodge some years later. 



CHAPTER VII 



Deformations of manifolds with trivial canonical 

bundle 

In the first part of this chapter we prove, fohowing [21\ and assuming Kuranishi 
theorem II V. 361 the following 

Theorem VII. 1 (Bogomolov-Tian-Todorov). Let M be a compact Kdhler man- 
ifold with trivial canonical bundle Km = Om- Then M admits a semiuniversal 
deformation with smooth base {H^{M,Tm),0)- 

According to Corollary IIV.371 it is sufficient to to show that the natural map 

is surjective for every n > 1. This will be done using Corollarv IV.52I and the so 
called Tian-Todorov's lemma. 

A generalization of this theorem has been given recently by H. Clemens jlOj . We 
will prove of Clemens' theorem in Chapter IIXI 

In the second part we introduce some interesting classes of dg-algebras which 
arise naturally both in mathematics and in physics: in particular we introduce the 
notion of differential Gerstenhaber algebra and differential Gerstenhaber-Batalin- 
Vilkovisky algebra. Then we show ( Example I VI 1 . 3 O]) that the algebra of polyvector 
fields on a manifold with trivial canonical bundle carries the structure of differen- 
tial Gerstenhaber-Batalin-Vilkovisky algebra. 



1. Contraction on exterior algebras 

Let K be a fixed field and E a vector space over K of dimension n; denote by 
E"^ its dual and by (, ) : Ex E'^ — > C the natural pairing. Given v £ E, the (left) 
contraction by v is the linear operator v h: /\ E'^ ~^ A ~^ defined by the 
formula 

b 

V h {zi A . . . A Zb) = '^{-iy~^{v, Zi)zi A . . . A Zi A . . . A Zb. 

i=l 

For every a <b the contraction 
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is the bilinear extension of 

iVaA...AVi)\-{ziA...AZb)=Vah {{Va-l A . . . A Ui) h (zi A . . . A Zb)) 

o-gG \j=l / 

where G C is the subset of permutations a such that a{a + 1) < a{a + 2) < 
. . . < cr(6). We note that if a = 6 then the contraction is a nondegenerate pairing 
giving a natural isomorphism {/^E)"^ = f^E"^ . This isomorphism is, up to sign, 
the same considered is Section rVII2l 
If a > 6 we use the convention that h= 0. 

Lemma VII. 2. (1) For every v £ E the operator v h is a derivation of 
degree —1 of the graded algebra 

(2) For every v€^/\"'E,w£/\^E,z£ f\'^ E'^ , we have 

{v A w) ^ z = V ^ {w ^ z). 
In particular the operator w h: E'^ t\~^ ^■^ the adjoint of Aw : f\'^ 

(3) Ifv G A"^^; w G /\''E, n G A"^^'^^ where dimE = n, a<b, then: 

V A{wh n) = {vh w)h n. 

Proof. [1] Complete v to a basis v = ei, . . . , e„ of £" and let zi, . . . , z„ be its 
dual basis. Every w G /\* can be written in a unique way as w = zi Awi + W2 
with wi,W2 G A* According to the definition of h we have v \- w = wi. 
If w = zi A wi + 102, u = zi Aui + U2 are decompositions as above then 

{vh w) Au + (-Ipu; A{vh u) = wi A {zi Aui+ U2) + {-lf^{zi Awi+ W2) A 

= WiAU2 + {-1)'^'^W2 A Ui. 

V h (w Au) = V h {{zi Awi+ W2) A {zi A ui + U2)) 

= V h (zi A Wi A U2 + W2 A zi A Ui + W2 A U2) 
= A n2 + {-l)''^W2 A ui. 

[2] Immediate from the definition. 

[3] Induction on a; if a = 1 then complete to a basis v = zi, . . . ,Zn of E'^ and 
denote ei, . . . , e„ G its dual basis. Writing 

■w = eiAwi+W2, WiG/^y-^, ■WihQ = vArii, rjiG/^Ci, 

we have by Item 2 

w\- Q, = {ei A wi) h + (w2 H $7) = ei 1- {wi h Q.) + {w2 h 0.) = r]i + v A rj2, 
and then 

V A {w \- Q) = V A r]i = wi h = {v h w) h fl. 

If a > 1 and v = viAv2, with vi G E'^ , V2 G A"^^ -^^ then by item 2 and inductive 
assumption 

AU2A(w h 17) = ViA{{v2 ^ w)^ VL) = [vi [- (t>2 ^ w)) K = {{V1AV2) K w) h 
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□ 

Lemma VII. 3. For every vector space E of dimension n and every integer a = 
0, . . . , n, the contraction operator defines a natural isomorphism 

where {Z^Q?) G /\" E x /\" E"^ is any pair satisfying Z \- VL = 1. 

Proof. Trivial. □ 

Exercise VII. 4. Let — >E — >F — >G — >0 be an exact sequence of vector spaces 
with diniG = n < oo. Use the contraction operator to define, for every a < dim£', 
a natural surjective linear map f^'^'^F f^E ® /S^G. A 



2. The Tian-Todorov's lemma 

The isomorphism i of Lemma IVII . 31 can be extended fiberwise to vector bundles; 
in particular, if M is a complex manifold of dimension n and Tm is its holomorphic 
tangent bundle, we have holomorphic isomorphisms 

i: /\-Tm^K'Tm A^-'^nj = ^iriKl,) 
which extend to isomorphisms between their Dolbeault's sheaf resolutions 

If zi, . . . , z„ are local holomorphic coordinates then a local set of generators of 

d 

[^Tm is given by the polyvector fields — — = — — A. . .A— — , being / = (ii, . . . , i^) 
a multiindex. 

If ri is a local frame of Km and Z a local frame of K'^.j such that Z h 0, = 1, then 

^rfzj^ = Z(g) (^^c^J =Z® h ^ dzj. 

Given a fixed Hermitian metric h on the line bundle K"^,]- we denote by D = D'+d 
the unique hermitian connection on K'^^ compatible with the complex structure. 
We recah (cf. [SSI) that D' : A°'^{KXj ® A°'\kI^ 0^+^) is defined in 

local coordinates as 

where 9 = dlog{\Z\'^) = dlog{h{Z, Z)) is the connection form of the frame Z. 
We have moreover (-D')^ = and D'd + dD' = is the curvature of the metric. 

We can now define a C-linear operator (depending on /i)^ 

A: ^O'^A^^Af) - A'^'^A^-'Tm), A(,A) = r'D'{i{ct>)). 
Lemma VII. 5. Locally on M, with Q.,Z and 9 as above we have 

A(0) hn = 9A{(phn) + d{(i)hn) 

for every (j) G A^^^{f\* Tm)- 



^don't confuse this A with the Laplacian 
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Proof. By definition 

iA{(p) = Z0 (A((/)) h n), 
iA{(t)) = D'{i{^)) = D'{Z (0 h = Z A (0 H 17) + d{<j) V- Q)). 

□ 

Lemma VII. 6. In local holomorphic coordinates zi, . . . , z„ we have 

d d 

where 6 is the connection form of the frame Z = — — A ... A — — and the right 

OZ\ OZn 

hand side is considered = when / = 0. 

Proof. We first note that if E ^°'°(/\Tm) then i{(l)dzj) = i{4>)d:zj and 
D'i{^dzj) = D'{Z h J7) (fzj) = D'{Z ((/> h n)) ® dzj : 
this imphes that A((j)dzj) = A{(f))dzj. According to Lemma I VII. 51 

f d \ 

Since = dzn A ... A dzi we have d — — h = and then, by Item 3 of 
\dzi J 

Lemma IVIL2l 

□ 

Setting = A^'^{/\~''Tm) for every a < 0, 6 > 0, the direct sum V = 
(©a 6^"''') ^) is a sheaf of dg-algebras, where the sections of A^'^ifx"" Tm) have to- 
tal degree b-a and 9: A°'\/\'' Tm) ^ ^O'^+^A" ^m) is the Dolbeault differential. 
The product on V is the 'obvious' one: 

® (/>) A (?? ^) = (-l)^^(C A 7?) A V)- 

Lemma VII.7. The C-linear operator A: V —>^ V has degree +1; moreover A"^ = 
and [A,d] = Ad + dA = i'^Qi. 

Proof. Evident. □ 

Consider the bilinear symmetric map of degree 1, Q: V xV 

Q{a, P) = A(a A /3) - A(q) A /? - {-if a A A(/3). 

A brutal computation in local coordinates shows that Q is independent of the 
metric. In fact, for every pair of C°° functions f,g 

and 

f d d \ { d d 

Q\fl^^9^]={(^f9 + d{fg))^ i^A 



dzj ' dzff J V dzj dzH 
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-9 ( {Of + 5/) ^ I- V 1^ - A {{Og + dg)V- ^ 



dzj J dzH dzj \ dzH 

According to Lemma I VII. 21 Item 1: 



dzi ' dzH J V '^^i J dzj \ dzH 

In particular if|/|=0, |i?| = l then 

(d \ df 

while, if |/| = \H\ = 1 then 

9 d ^ \ , f j^dg d df d 



Recalling the definition of the bracket [ , ] in the Kodaira-Spencer algebra KSm = 
e^^O'^lTAf) we have: 

Lemma VII.8 (Tian-Todorov). If a e ^°'"(rAf), (3 G A^'\Tm) then 
(-If [a, (3] = A(a A /5) - A(a) A /? - (-If "^a A A(/3). 
In particular the bracket of two /S.- closed forms is A-exact. 

Example VII.9. If M is compact Kahler and ci(M) = in H'^{M,C) then by 
|351 2.23] there exists a Hermitian metric on such that = 0; in this case 
[A, 9] =0 and ker A is a differential graded subalgebra of KSm- 

Example VII. 10. If M has a nowhere vanishing holomorphic n-form (n = 
dim M) we can set on K'^j the trivial Hermitian metric induced by the isomorphism 
Q. : K'^,]- — > Om- In this case, according to Lemma lVlLSI the operator A is defined 
by the rule 

(Aa) H = (9(a H Q). 



3. A formality theorem 

Theorem VII. 11. Let M he a compact Kahler manifold with trivial canonical 
bundle Km = Om- Then the Kodaira-Spencer DGLA 

i^5A/ = er(M,^0'f(TM)) 
is quasiisomorphic to an abelian DC^LA. 

Proof. Let G r(M, Km) be a nowhere vanishing holomorphic n-form (n = 
dim M) ; via the isomorphism 17 : K'^j Om, the isomorphism of complexes 

i: (^°'*(TM),a)^(^"-i'*,5) 
is given in local holomorphic coordinates by 

f-^dzi] =f(-^hn]dzi 



dzi J \dzi 
and induces a structure of DGLA, isomorphic to KSm on 
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Taking on K'^ the trivial metric induced by 0: K'^ — > (Dm, the connection D 
is equal to the De Rham differential and then the Tian-Todorov's lemma implies 
that the bracket of two 5-closed form of L"~^'* is 5-exact; in particular 



Q* = kerdnL 



n— 1,* 



is a DGL subalgebra of L" ^'*. 
Consider the complex {R* , d) , where 

_ keranL"-^'P 

endowed with the trivial bracket, again by Lemma lVll.81 the projection Q* R* 
is a morphism of DGLA. 

It is therefore sufficient to prove that the DGLA morphisms 

^n-l,* ^ Q* ^ Jl* 

are quasiisomorphisms. 

According to the 95-lemma IVI.37| (?(ker d) C Im d and then the operator d is 
trivial on R*: therefore 

keranL"-^'P keranL"-i'P 



HP{Q*) 



QLn-2,p ' ^ ' gin-l,p-l 

keranker9nL"-i'P 



a(keranL"-i.P-i) 

The conclusion now follows immediately from Corollarv IVI.38I □ 

Corollary VII. 12. Let M be a compact Kdhler manifold with trivial canonical 
bundle Kj[f = Om- For every local Artinian C-algebra (^,m^) we have 

DefM(A) = H\M,TM)^mA. 

In particular 

is surjective for every n > 2. 



Proof. According to Theorem IV.55I and Corollary IV. 521 we have DefA^ = 
Def/j*. Since R* is an abelian DGLA we have by Proposition IV.491 

BefR,{A) = H\R*)0mA = H\KSM)<^mA = H^{M,TM)®mA. 

□ 
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4. Gerstenhaber algebras and Schouten brackets 

Lemma VII. 13. Let{G,A) he a graded'L-commutative algebra and let [^\: G[— l]x 
G[— 1] G[— 1] he a skewsymmetric hilinear map of degree such that 

ada = [a,-] G Der'i<'s("'^[~i])(G,G), Va e 
(Note that this last condition is equivalent to the so-called Odd Poisson identity 

[a, & A c] = [a, 6] A c + (-l)"^^-^)^ A [a, c], 

[a A 6, c] = a A [5, c] + (-if (^"i) [o, c] A b, 
for every a,b,c £ G[— 1], x = deg(x, G[—l]).) 

Let Q d G be a set of homogeneous generators of the algebra G, then: 

(1) [,] is uniquely determined by the values [a, 6], a,b £ Q. 

(2) A derivation d G Der"(G, G) satisfies [d,ada\ = ad^K^^-j for every a G 
G[— 1] if and only if 

d[a,b] = [da,b] + (-l)"^[a,d6] 

for every a,b G Q. 

(3) [,] satisfies the Jacobi condition ad[g_ i,j = [ada,adb] if and only if 

[[a,6],c] = [a, [h,c\]-{-ir~% [a,c]]. 
for every a,b,c £ Q. 
Proof. 1) is clear. 

If a G ^ then by 2) the derivations [d, ada] and ad^K^^) take the same values in Q and 
then [d,ada] = ad^(^a)- The skewsymmetry of [, ] implies that for every b G G[— 1] 
the derivations [d,adb] and ad^i^h) t^-ke the same values in Q. 

The proof of 3) is made by applying twice 2), first with d = ada, o, £ Q, and then 
with d = adf,, 6 G G[-l]. □ 

Definition VII. 14. A Gerstenhaber algebra is the data of a graded Z-commutative 
algebra (G, A) and a morphism of graded vector spaces ad: G[— 1] — > Der*(G, G) 
such that the bracket 

[,]: G[-l], X G[-l]j ^ G[-l]i+„ [a,b] = ada{b) 

induce a structure of graded Lie algebra on G[— 1] (cf. jl7l p. 267]). 
A morphism of Gerstenhaber algebras is a morphism of graded algebras commut- 
ing with the bracket [,]. 

For every graded vector space G there exists an isomorphism from the space of 
bilinear skewsymmetric maps [, ]: G[— 1] x G[— 1] 1] of degree and the 

space of bilinear symmetric maps Q: G x G ^ G of degree 1; this isomorphism, 
called decalage, is given by the formula^ 

Qia,b) = (-l)'i^g('^'^[-il)[a,6]. 

•^The decalage isomorphism is natural up to sign; the choice of deg(a, G[— 1]) instead of 
deg(a, G) is purely conventional. 
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Therefore a Gerstenhaber algebra can be equivalently defined as a graded algebra 
{G, a) endowed with a bilinear symmetric map Q: GxG ^ G oi degree 1 satisfying 
the identities 

Odd Poisson Q{a, bAc) = Q{a, 6) A c + A Q{a, c), 

Jacobi Q{a, Q{b, c)) = (-if Q(Q(a, b), c) + (-if ^Q(5, Q{a, c)), 

where o = deg(a, G),b = deg(6, G). 

Example VII. 15. (Schouten algebras) A particular class of Gerstenhaber alge- 
bras are the so called Schouten algebras: here the bracket is usually called Schouten 
bracket. 

Consider a commutative IK -algebra Aq and let A_i C DerK(^Oi^o) be an 
submodule such that [j4_i,yl_i] C j4_i. Define 

A=®A_„ A^i = A'A_i. 

i>0 Ao 

With the wedge product, ^4 is a graded algebra of nonpositive degrees. 

There exists a unique structure of Gerstenhaber algebra (^, A, [, ]) such that for 

every a,6G ^[-l]i = ^o, f,g^ A[-l]o = A^i 

ada{b) = 0, adf{a) = f{a), adf{g) = [f,g\. 

In fact A is generated by Aq U A^i and, according to Lemma IVII.13| the skew- 
symmetric bilinear map 

n 

A . . . A Cn, h] = Y^{-lY~^^^{h)io A . . . A A . . . A 
Ko A ... A Co A ... A Cm] = 

n m 

= Yl Yi-^y^^[^i^ Cj] A Co A ... A g A ... A A Co A ... A A ... A Cm 

1=0 j=0 

where h S Aq, Co, ■ ■ ■ ,S,n,Co^ ■ ■ ■ Xm S is well defined and it is the unique 
extension of the natural bracket such that a(i(A[— 1]) C Der*{A, A). 
We need to show that [, ] satisfies the Jacobi identity 

[[a,b],c] = [a,[b,c]]-{-ir% [a,c]]. 

Again by Lemma IVII. 131 we may assume that <a < b <c. There are 5 possible 
cases, where the Jacobi identity is satisfied for trivial reasons, as summarized in 
the following table: 



a 


b 


c 


Jacobi is true because.. 


1 


1 


1 


all terms are = 





1 


1 


all terms are = 








1 


definition of [, ] on A^i 











Jacobi identity on A^i 
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Example VII. 16. Let M be a complex manifold of dimension n, the sheaf of 
graded algebras T = ©j<o7i, % = A^'^{/\~^ Tm), admits naturally a Schouten 
bracket. 

In local holomorphic coordinates zi, . . . ,Zn, since 

'd_ d_ 

dzi ' dzj 

the Odd Poisson identity implies that the Schouten bracket takes the simple form 

Definition VII. 17. A differential Gertstenhaber algebra is a Gerstenhaber al- 
gebra (G, A, [,]) endowed with a differential d E Der^(G,G) making {G,d,[,]) a 
differential graded Lie algebra. 

Example VII. 18. Given any Gertstenhaber algebra G and an element a G Gq = 
G[— l]i such that [a, a] = we have that d = ada gives a structure of differential 
Gerstenhaber algebra. 

Exercise VII. 19. For every / G IK[xi, . . . the Koszul complex of the se- 
df df 

quence — — , . . . , — — carries a structure of differential Gerstenhaber algebra. A 

OXi OXn 



d 

dzj 



d 

dzj 



5. d- Gerstenhaber structure on polyvector fields 



Let M be a fixed complex manifold, then the sheaf of dg-algebras V defined in 
Section 121 endowed with the Schouten bracket 



f-^azj,9T. — 

OZi OZh 



d:zK 



(_l)l"'l(l^^hl) 



Sch 



d_ _d_ 

OZj OZh 



dzj A dzK 



J Sch 



is a sheaf of differential Gerstenhaber algebras. 

We have only to verify that locally 9 is a derivation of the graded Lie algebra 
(P, [,]): this follows immediately from Lemma IVII.13I and from the fact that 
locally the Kodaira-Spencer DGLA generates P as a graded algebra. 
Via the decalage isomorphism, the Schouten bracket corresponds to the symmetric 
bilinear map of degree 1 Q: V x V ^ V given in local holomorphic coordinates 
by the formulas 



Q 

where 

Q 



OZl OZh 



d_ _d_ 

Jo •> 9 

OZj OZh 



fidg 



-i; 

d 

dzj 



\mi\-i)+\j\ 



dzj A rfz^Q ( f^,9 



d 



d 



\ dzj ' dzH 



A 



d 



dzH 



+ (-1)1 



d 



OZl 



df 



dzH 



Notice that, in the notation of Section |21 

g(a, 13) = A(a A /?) - A(a) A j3 



-l)°a A A(/3) 



and therefore we also have the following 
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Lemma VII. 20 (Tian-Todorov). for every a,(3 £ 'Pl—l], 

[a, P]sch = a A A/3 + (-l)^<=s(°'^[-il)(A(a A /5) - Aa A 

There exists a natural morphism^: V Tiom(A*'* , A*'*) of sheaves of bigraded 
vector spaces on M given in local coordinates by 

Since, for every cp £ "P^'^ = A^'^, r] £ A*'*, we have 

|-h(M.,) = (-l)*'*A(|-h, 

the hat morphism^is a morphism of algebras, being the product in T(om{A*'* , A*'*) 
the composition product. We observe that the composition product is associative 
and therefore T(om{A*'* , A*'*) has also a natural structure of sheaf of graded Lie 
algebras. Since V is graded commutative, [o, b] = for every a,b £V. 

Lemma VII. 21. For every a,b£V homogeneous, 

(1) da = [d,a]. 

(2) Q{aJ>) = [[d,a],b] = -{-lfadb-{-lf^^Hda±d?ib±bad 

Proof. The proof of the first identity is straightforward and left to the reader. 
By Jacobi identity, 

^=[^,[aM = [[^,^M-{-'^f\^,b],a] 

and therefore both sides of the eaualitv IVII.21I are graded symmetric. 
Moreover, since b A c = be and 

Q{a, bAc) = Qia, 6) A c + {-1)^'^+^H A Q(a, c), 

[[d,a],bc] = [[d,a],b]c+ (-l)(^+i)^6[[5,a],c], 

g 

it is sufficient to check the equality only when a,b = f, dzj, — — , / G V^'^ = A^'^. 

OZ' 

i) If </) e V^'* then 

[d, 0]r/ = d{(j) Arf) - {-l)'^(t) f\ dr] = dcj) Ar]. 

In particular [d^dzj] = 0, Q{dzj,b) = for every b. 

ii) If /,5 G then Q{f,g) G V^'° = and 

[[d, f],g]ri = df A gr] - g{df A ri) =0. 

If / G pO'O then Q I-") = |- h 5/ = 1^ and 
V ozij dzi dzi 



, = 8/A(|-M)+|-H(a/A„)=(^h8/)A, 



where the last equality follows from the Leibnitz rule applied to the derivation 
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123 



^ „ ^ , d d 
FmallyQ — ,— 

. OZi OZj 



d d 

0; since d, — — , — — are derivations of A* 

OZi OZj 



also 



d — 

' dzi 



d_ 

dzj 



is a derivation of bidegree (—1,0) and then it is sufficient to check the equahty for 
7] = dzi- This last verification is completely straightforward and it is left to the 
reader. □ 



Exercise VII. 22. Prove that ^* = {a£V\ [d,a] =0}. 



A 



6. GBV-algebras 

In this section K is a fixed field of characteristic 0. 

Definition VII. 23. A GBV (Gerstenhaber-Batalin-Vilkovisky) algebra is the 
data of a graded algebra (G, A) and a linear map A : G ^ G of degree 1 such that: 

(1) A2 = 

(2) The symmetric bilinear map of degree 1 

Q{a, b) = A(a A 6) - A(a) A 6 - (-if a A A(6) 
satisfies the odd Poisson identity 

Q{a, bAc) = Qia, 6) A c + {-1)^'^+^H A Q{a, c). 

Note that the second condition on the above definition means that for every 
homogeneous a £ G, the linear map Q{a, —) is a derivation of degree a + 1. 

The map Q corresponds, via the decalage isomorphism, to a skewsymmetric 
bilinear map of degree 0, [,]: G[— 1] x G[— 1] G'[— 1]; the expression of [,] in 
terms of A is 

[a, b]=aA A(6) + {-lf^^^^'^^-^^\A{a A 6) - A(a) A 6). 

Example VII. 24. If A is a differential of a graded algebra (G, A), then Q = 
and (G, A, A) is a GBV algebra called abelian. 

Example VII. 25. The sheaf V of polyvector fields on a complex manifold, en- 
dowed with the operator A described in Section |21 is a sheaf of GBV algebra. 

Exercise VII. 26. Let (G, A,A) be a GBV algebra. If G has a unit 1, then 
A(1)=0. A 

Lemma VII. 27. For every a,b£ G homogeneous 

AQ{a, b) + Q(A(a), b) + (-lfQ(a, A(6)) = 0. 

Proof. It is sufficient to write Q in terms of A and use A^ = 0. □ 

Theorem VII.28. //(G,A,A) is a GBV algebra then (G[-l], [, ], A) is a DGLA 
and therefore (G, A, Q) is a Gerstenhaber algebra. 

Proof. Working in G[— 1] (i.e. a = deg(a, G[-l])) we have from Lemma rVII.271 

A[a,6] = [A(a),6] + (-l)>,A(fe)] 

and then we only need to prove the Jacobi identity. 
Replacing a = a, b = (3 Aj in the above formula we have 

[a, A(/3 A 7)] = (-If (A[a, /3 A 7] - [Aa, /3 A 7]) 
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and then [a, A(/3 A 7)] is equal to 

(-lfA([a,/5]A7) + (-lf^A(/3A[a,7])-(-lf[Aa,/3]A7+(-l)(^+^)^/3A[Aa,7]. 
Writing 

[a, [P, 7]] = [a, /3 A A7] + (-if ([a, A{(3 A 7)] - [a, A/3 A 7]), 

[[a,/3],7] = [a,/3] A A7+ (-lf+^(A([a,/3] A7) - A[a,/3] A7), 
[/?, [a, 7]] = /3 A A[a,7] + (-l)^(A(/5 A [0,7]) - A/? A [«,7]) 

we get 

[a,[/3,7]] = [K/3],7] + (-lf^[A [«,7]]- 

n 

Definition VII. 29. Let (G, A, A) be a GBV-algebra and d a differential of degree 
1 of (G, a). If dA + Ad = then the gadget (G, A, A,d) is called a differential 
GBV algebra. 

Example VII. 30. Let V be the algebra of polyvector fields on a complex manifold 
M. In the notation of Sectional ("P, A, A, d) is a sheaf of differential GBV algebras 
if and only if the connection D is integrable. 

This happen in particular when M has trivial canonical bundle and D is the trivial 
connection. 

Exercise VII.31. If (G, A, A, d) is a differential GBV-algebra then (G[-l], [,],d+ 
hA) is a DGLA for every G K . A 

7. Historical survey, IVIII 

The Schouten bracket was introduced by Schouten in |70j while the Jacobi iden- 
tity was proved 15 years later by Nijenhuis (58j . 

The now called Gerstenhaber algebras have been first studied in |17j as a structure 
on the cohomology of an associative ring. 

Concrete examples of GBV algebra arising from string theory were studied in 1981 
by Batalin and Vilkovisky, while the abstract definition of GBV algebra given in 
this notes was proposed in |48j (cf. also l75. ) . 



CHAPTER VIII 



Graded coalgebras 

This Chapter is a basic course on graded coalgebra, with particular emphasis on 
symmetric graded coalgebra. The aim is give the main definitions and to give all 
the preliminaries for a satisfactory theory of Loo-algebras. 

Through all the chapter we work over a fixed field K of characteristic 0. Unless 

otherwise specified all the tensor products are made over IK . 

The main references for this Chapter are |6H Appendix B] (22j . [5] . 

1. Koszul sign and unshufHes 

Let V,W £ G he graded vector spaces over IC . We recall (Definition IIV.2|) that 
the twisting map T: V(dW W(dV is defined by the rule T{v(dw) = {—iy^w(d)v, 
for every pair of homogeneous elements v G V , w £ W . 

The tensor algebra generated by y G G is by definition the graded vector space 

endowed with the associative product (ui®. . .0Vp){vp+i0 . . = vi0 . . .0Vn- 

Let / C T{V) be the homogeneous ideal generated by the elements x®y—T{x®y)^ 
x,y £ V; the symmetric algebra generated by V is defined as the quotient 

S{V) = T{v)/i = e„>oO"^, O"^ = (g)"^/((g)"v^ n /) 

The product in SiV) is denoted by 0. In particular if vr : TiV) — > Siy) is the pro- 
jection to the quotient then for every vi, . . . ,Vn £V ^ viQ. . .QVn = 7r{vi(d- ■ .0v„). 

The exterior algebra generated by V is the quotient of T{V) by the homogeneous 
ideal J generated by the elements x y + T{x y)- 

^v = T{v)/J = e„>oA"^, A"^ = (g)"F/((8)"y n j). 

Every morphism of graded vector spaces f: V ^ W induces canonically three 
homomorphisms of graded algebras 

r(/) : T{V) ^ T{W), S{f) : S{V) ^ S{W), /\{f) : - A^^- 

The following convention is adopted in force: let V, W be graded vector spaces 
and F: T{V) T{W) a linear map. We denote by 

F' : T{V) ^'W, Fj : (g)V ^ T{W), F] : (g)V ^ ^'W 

Marco Manetti: Lectures on deformations of complex manifolds 
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the compositions of F with the inclusion ^■'V T(V) and/or the projection 
T{W) IS)'W. 

Similar terminology is adopted for linear maps S{V) — S{W). 

If f 1 , . . . , f n is an ordered tuple of homogeneous elements of V and (t:{1,...,s}— >■ 
{1, . . . , n} is any map, we denote Va- = v^i Va2 Q ■ ■ ■ & v^rs & Q^V. 
If I C {1, . . . , n} is a subset of cardinality s we define vj as above, considering / 
as a strictly increasing map /: {1, . . . , s} ^ {1, . . . , n}. 

If /i U . . . U /„ = Ji U . . . U Jfe = {1, . . . , n} are decompositions of {1, ... , n} into 
disjoint subsets, we define the Koszul sign e (v, "j^' ' ' ' ' "^"^ • {ti^j} J = ±1 by the 
relation 

V Ji,---,Jb / 
Similarly, if cr is a permutation of {1, ... , n}, e{V, a;vi, . . . , Vn) = ±1 is defined 
by 

ViQ...(DVn = e{V,a;Vi,.. . ,Un)(^^a(l) © • • • 0^^fr(n))> 

or more explicitly 

(cr- — cr • \ ""^^ 
^) , v = deg{v;V). 
\cri - CTjlJ 

For notational simplicity we shall write e(cj; vi, . . . ^Vn) or e((7) when there is no 
possible confusion about V and vi, . . . ,Vn- 

The action of the twisting map on extends naturally, for every n > 0, to an 

action of the symmetric group S„ on the graded vector space . This action 
can be described by the use of Koszul sign, more precisely 

cr(tii ® ...®Vn) = e(cr; Vl,..., Vn){v„(i) ® ...® V„(n)) 

Denote by : SiV) T{y) the linear map 

N{vi Q ...Qvn) = ^ e{a;vi,.. .,Vn){va{i) <8) • • ■ ® v^f^^)) 

= cr{vi<Si ...<SiVn), vi,...,VneV. 

Since K has characteristic 0, a left inverse of vr: T{V) S{V) is given by 
I(P 

— j-iV, where, according to our convention. Id" : T{V) (^"F is the projec- 
tion. 

For every homomorphism of graded vector spaces f:V^W,we have 

N o S{f) = T{f) o N: S{V) ^ T{W). 

The image of A^: (g)"y is contained in the subspace (0"^)^" of S^- 

invariant vectors. 
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Lemma VIII. 1. In the notation above, let W C he the subspace generated 

by all the vectors v — (t{v), a G v G 0"^. 

Then (g)"F = ((g)"y)^" ®W and N : QPV ((g)"F)^" is an isomorphism with 

inverse — . 
n! 

Proof. It is clear from the definition of W that Tr{W) = 0; moreover v — 

N—v G W for every v G (g)"F, and therefore lm(N) + W = (g)"F. 
n! 

On the other side if v is S„-invariant then 



-y = 

n! ■' — ' ' n! 

and therefore Im(iV) = ((g)"F)^", Im(A^) n C Im(7V) n ker(7r) = 0. □ 

For every < a < n, the multiphcation map V^"- y®" is an iso- 

morphism of graded vector spaces; we denote its inverse by 

aa,n~aivi . . . Un) = (ui . . . Ua) <8) (Va+l ... (8) Un). 

The multiphcation fx: (O" F) (g) (0"~" F) ^ O" F is surjective but not injec- 
tive; a left inverse is given by ia,n-a \^] , where 



the sum is taken over all subsets / C {l,...,n} of cardinality a and /"^ is the 
complement of I to {1, . . . , n}. 



Definition VIII. 2. The set of unshuffles of type {p,q) is the subset S{p,q) c 
Sp+g of permutations a such that a{i) < a{i + 1) for every i ^ p. 

Since a G S{p, q) if and only if the restrictions a: {!,... ,p} — {1, . . . ,p + q}, 

a: {p+1^ . . . ^p+q} ^ {!,... + arc increasing maps, it follows easily that the 
unshuffles are a set of representatives for the cosets of the canonical embedding 
of Sp X Eg inside More precisely for every a G ^p+q there exists a unique 

decomposition a = rp with r G S(j), q) and p G Sp x Sg. 

Exercise VIII.3. Prove the formula 

la,n-a{vi Q ■ ■ ■ & Vn) = ^ e{<^)iVa{l) & ■ ■ ■ & V^{a)) <^ {Va{(^+1) & ■ ■ ■ & V^{n)) 
(7ES{a,n—a) 

A 

Lemma VIII.4. In the above notation, for every < a < n 

aa,n-aN = (iV (g iV) : ©"F ^ (g)"F (g)"-"F 

Proof. Easy exercise. □ 
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Consider two graded vector spaces V, M and a homogeneous linear map / : - 
M. The symmetrization / : Qi"^V — ^ M of / is given by the formula 

/(ai 02 ... am) = ^ e{V, a;ai,..., am)f{aa-^ ... a^^). 

If g: — y is a homogeneous linear map of degree A;, the (non associative) 

Gerstenhaber composition product f * g- ^"^~^^~^V — > M is defined as 

/•g{ai ... 0am+i_i) = 

m— 1 

= (-l)'=(^+-+^)/(ai ... g(ai+i ... 0^+;) ... am+i-i)- 

i=0 

The behavior of • with respect to symmetrization is given in the following lemma. 
Lemma VIII. 5. (Symmetrization lemma) In the notation above 
f • g{ai Q . . . Q am+i-i) = 

= ^ €{V,a;ai, . . .,am)f{g{aai ... a^i) aaj^^ ... aai^^_^). 

aeS{l,m-l) 

Proof. We give only some suggestion, leaving the details of the proof as 
exercise. First, it is sufficient to prove the formula in the "universal" graded 
vector space U with homogeneous basis ai, . . . , am+i-i and bj, where / ranges 
over all injective maps {!,...,/} {1, . . . , m + / — 1}, 6/ is homogeneous of 

degree k + 07(1)" + • • • + and g{aj) = bj. 

Second, by linearity we may assume that M = K and / an element of the dual 
basis of the standard basis of (^"^U. 

With these assumption the calculation becomes easy. □ 



2. Graded coalgebras 

Definition VIII. 6. A coassociative Z-graded coalgebra is the data of a graded 
vector space C = ©nezC" G G and of a coproduct A : C ^ C ® C such that: 

• A is a morphism of graded vector spaces. 

• (coassociativity) (A /tic) A = {Idc A) A : C ^ C C C. 
The coalgebra is called cocommutative if TA = A. 

For simplicity of notation, from now on with the term graded coalgebra we intend 
a Z-graded coassociative coalgebra. 

Definition VIII.7. Let (C, A) and {B, F) be graded coalgebras. A morphism of 
graded coalgebras f : C ^ B is a, morphism of graded vector spaces that commutes 
with coproducts, i.e. Tf = (/ /)A. 
The category of graded coalgebras is denoted by GC. 

Exercise VIII. 8. A counity of a graded coalgebra is a morphism of graded vector 
spaces e: C — K such that (e Idc)^ = {Idc e)A = Idc- 
Prove that if a counity exists, then it is unique (Hint: (e e')A =?). A 
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Example VIII. 9. Let C = K [t] be the polynomial ring in one variable t of even 
degree. A coalgebra structure is given by 

n 
1=0 

We left to the reader the verification of the coassociativity, of the commutativity 

and the existence of the counity. 

If the degree of t is equal to 0, then for every sequence {fn}n>o C K it is associated 
a morphism of coalgebras f:C^C defined as 

n 

/(i) = i, /(n = E E fiji2---aist'. 

s=i {H,...,i^)ew 

ii+...+ia=n 

The verification that A/ = (/ /)A can be done in the following way: Let 
{x"'} C = K [[x]] be the dual basis of {t"}. Then for every a,b,n e N we have: 

(x" ® x", A/r )) = E ■ ■ ■ f^Jn ■ ■ ■ 

il+...+ia+ji+...+jb=n 

(x«0x^/®/A(^)) = ^ J2 fn---fiJn---h- 

s ii+...+ia=s ji+...+ji,=n-s 

Note that the sequence {/n}, n > 1, can be recovered from / by the formula 

fn = {x,f{r)). 

Wc shall prove later that every coalgebra endomorphism of K [t] has this form for 

some sequence {/n}, n > 1. 

Lemma-Definition VIII. 10. Let (C, A) be a graded coassociative coalgebra, we 
define recursively A° = Idc and, for n > 0, A" = (Idc 0A"-^)A: C (g)''+^ C. 
Then: 

(1) For every < a < n — 1 we have 

A" = (A" (g) A"-i-«)A: C (g)"+^C, 

a„+i,n_aA" = (A"® A"-i-«)A 

(2) For every s > 1 and every qq, . . . ,as > we have 

(A"o (g) A"i (g) . . . (g) A"=)A* = A^+^"\ 

In particular, if C is cocommutative then the image of A""-*- is contained 
in the set of Tin-invariant elements of C . 

(3) ///: (C*, A) — > (-B,r) is a morphism of graded coalgebras then, for every 
n > 1 we have 

r"/ = ((g"+V)A": C {g)"+^B. 

Proof. [1] If a = or n = 1 there is nothing to prove, thus we can assume 
a > and use induction on n. we have: 

(A" (g A"-^-")A = {{Idc ^ A"-^)A (g A"-^-")A = 

= {Idc ® A"-^ (g A"-i-«)(A (g Idc) A = 

= {Idc ^ A"-i (g A"-i-«)(/dc (g A)A = {Idc ^ (A"-^ (g A"-i-«)A)A = A". 
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[2] Induction on s, being the case s = 1 proved in item 1. If s > 2 we can write 
(A"« . . . A"OA" = (A"o A'^i . . . A'''){Id ® A'-'^)A = 

(A'^o (g) (A"i (g) . .. A'''')A'*"^)A = (A"o (g> A^"^+^'>o'*')A = A"+^''\ 

The action of S„ on C is generated by the operators Ta = Id^afj (g T ® 
Id^n~a-2 < a < n — 2, and, if TA = A then 

r„A"-l = Ta{Id^a c®A® Id^n-a-2 ^) A^^^ = 
= {Id^a ^ A (g) Id^n-a-2 ^)A'^~'^ = A""\ 

[3] By induction on n, 

r"/ = {Mb g) r'^-i)r/ = (/ r"-V)A = (/ ^ (®"/)a"-1)a = (®"+V)A". 

□ 

Example VIII.ll. Let j4 be a graded associative algebra with product fi: 
A ^ A and C a graded coassociative coalgebra with coproduct A: C ^ C (g C . 
Then Hom*(C, ^) is a graded associative algebra with product 

fg = f^{f^g)A. 

We left as an exercise the verification that the product in Hom*(C, ^4) is associa- 
tive. 

In particular IIomG(C, ^) = ilom^{C,A) is an associative algebra and = 
Horn* (C, IK ) is a graded associative algebra. (Notice that in general A"^ is not a 
coalgebra.) 

Example VIII. 12. The dual of the coalgebra C = K[t] fExample NTTTM is 
exactly the algebra of formal power series A = = C^. Every coalgebra 

morphism f : C ^ C induces a local homomorphism of K -algebras f^:A^A. 
Clearly /* = only if / = 0, /* is uniquely determined by = Yln>o fnX^ 

and then every morphism of coalgebras f : C ^ C is uniquely determined by the 
sequence /„ = = 

The map / i— > /* is functorial and then preserves the composition laws. 

Definition VIII. 13. A graded coassociative coalgebra (C, A) is called nilpotent 
if A" = for n » 0. 

It is called locally nilpotent if it is the direct limit of nilpotent graded coalgebras 
or equivalently if C = ker A"-. 

Example VIII. 14. The coalgebra K[t] of Example IVIII.91 is locally nilpotent. 

Example VIII. 15. Let A = (BAi be a finite dimensional graded associative com- 
mutative K -algebra and let C = = Hom*(^, K) be its graded dual. 
Since A and C are finite dimensional, the pairing {ci(giC2, 01(8102) = (—1)"^ '^^ (ci, ai)(c2, 
gives a natural isomorphism C<giC = (A'SiA)'^ commuting with the twisting maps 
T; we may define A as the transpose of the multiplication map fj,: A fg A ^ A. 
Then (C, A) is a coassociative cocommutative coalgebra. Note that C is nilpotent 
if and only if A is nilpotent. 
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Exercise VIII. 16. Let {C, A) be a graded coalgebra and p: C ^ V a morphism 
of graded vector spaces. We shall say that p cogenerates C if for every c e C 
there exists n > such that (0"+ip)A"(c) / in (g)"+^ V. 

Prove that every morphism of graded coalgebras i? — > C is uniquely determined 
by its composition B ^ C ^ V with a cogenerator p. A 



2- A. The reduced tensor coalgebra. Given a graded vector space V, we 
denote T{V) = 0„>o When considered as a subset of T(V) it becomes an 

ideal of the tensor algebra generated by V. 

The reduced tensor coalgebra generated by V is the graded vector space T(V) 
endowed with the coproduct a: T{V) ^ T{V) (g) T{V), 

oo n~l n—1 

a = ^ ^ aa,n-a, a{vi ...0Vn) = ^(vi ■ ■ ■ Vr) {Vr+1 ■ ■ ■ Vn) 

n=l a=l r=l 



The coalgebra {T{V),a) is coassociative (but not cocommutative) and locally 
nilpotent; in fact, for every s > 0, 

a^~^ {vi <S) ■ ■ ■ <S) Vn) = ^ {vi <S) ■ ■ ■ <^ Vi^) <^ . . . <Si {vi^_j^+i <Si . . . <^ ViJ 

l<ii<i2<---<is=n 

and then ker o^-^ = 0^^^ (g)" V. 

If fi : 0* T{V) — T{V) denotes the multiplication map then, for every vi, . . . ,Vn & 
V, we have 

lia^'^ivi (g) . . . (g) Wn) = j"^fl <8) . . . (g Vn- 

For every morphism of graded vector spaces f: V ^ W the induced morphism 
of graded algebras 



T(/) : T{V) ^ T{W), T{f){vi ^...^Vn) = f{vi) ® . . . (g f{vr. 
is also a morphism of graded coalgebras. 



Exercise VIII. 17. Let p: T{V) T{V) be the projection with kernel K = 
(g)° y and (/> : r(F) ^ T{V) ® T{V) the unique homomorphism of graded algebras 
such that (f){v) = i;(gl + l(gi>for every v eV. Prove that pcf) = ap. A 

If (C, A) is locally nilpotent then, for every c G C, there exists n > such that 
A"(c) = and then it is defined a morphism of graded vector spaces 



oo 



1- A 

n=0 



Proposition VIII.18. Let (C, A) be a locally nilpotent graded coalgebra, then: 
(1) The map - — ^ = A"' : C — > T(C) is a morphism of graded coalge- 



n>0 

bras. 
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(2) For every graded vector space V and every morphism of graded coalgebras 
(j): C ^ T(y), there exists a unique morphism of graded vector spaces 
/ : C — > y such that (j) factors as 

Proof. [1] We have 



n=l 



,n>0 / \n>0 / / n>Oa=0 



a.+i,„+i_,A"+i = a 5^ A" 

n>Oa=0 \n>0 



where in the last equahty we have used the relation oA*^ = 0. 
[2] The unicity of / is clear, since by the formula (p = ^(/)(Z]n>o follows 
that / is the composition of cp and the projection T{V) — > V. 
To prove the existence of the factorization, take any morphism of graded coalge- 
bras (/): C — > T{V) and denote by : C — > the composition of (p with the 
projection. It is sufficient to show that for every n > 1, is uniquely determined 
by (j)^. Now, the morphism condition acj) = ((j)0(f))A composed with the projection 
T{V) ® T{V) 0"ri^((g)* V (g)"~^ V) gives the equality 

n—l 

a0" = Y,i(t>' ® <A""')A, n>2. 
1=1 

Using induction on n, it is enough to observe that the restriction of a to V is 
injective for every n > 2. 

□ 



It is useful to restate part of the Proposition IVIII. 181 in the following form 

Corollary VIII. 19. Let V be a fixed graded vector space; for every locally nilpo- 
tent graded coalgebra C the composition with the projection TiV) — > V induces a 
bisection 

HomGc(C, rOO) = HomG(C, V). 

When C is a reduced tensor coalgebra, Proposition IVIII. 181 takes the following 
more explicit form 

Corollary VIII. 20. Let U,V be graded vector spaces and p: T{V) V the 
projection. Given f : T{U) — > V, the linear map F: T{U) —>■ T(V) 

n 

F{vi® . . .®Vn) = f{vi®...®Vi^)®...®f{Vi^_^+i®...®Vi^) 

s=l l<ii<i2<...<is=n 



is the unique morphism of graded coalgebras such that pF = f . 
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Example VIII. 21. Let A be an associative graded algebra. Consider the projec- 
tion p : T{A) — > A, the multiplication map fx : T{A) A and its conjugate 

^* = _^T(-1), ;U*(aiO. . .®a„) = (-1)"-V(ai®- • -(^an) = (-l)"~^aia2 . . . a^. 



The two coalgebra morphisms T{A) — > T(A) induced by /i and fi* are isomor- 
phisms, the one inverse of the other. 
In fact, the coalgebra morphism F: T{A) T{A) 

n 

F(ai (g) . . . (g) a„) = ^ ^ (aiaa . . . Oj J g) . . . (ai^_,+i . . . OiJ 

s=l l<ii<i2<...<is—n 

is induced by fj, (i.e. pF = fi), fi*F{a) = a for every a £ A and for every n > 2 

n 

/x*F(ai (g) . . . (gi On) = ^(-1)''""^ ^ aia2...an = 

s=l l<ii<i2<...<is=ii 
n / i\ /n— 1 

n — 1 



Y^{-iy-U^_]aia2...an=iJ2^-iri ^ j aia2...a„ = 



s=l ^ ^ \s=0 




This imphes that /u*F = p and therefore, if F* : T{A) T{A) is induced by //* 
then pF*F = = p and by Corollary IVI 1 1.191 is the identity. 

Exercise VIII. 22. Let A be an associative graded algebra over the field IC, for 
every local homomorphism of K -algebras 7: K [[x]] K. [[x]], j{x) = ^ 'Jnx'^j we 
can associate a coalgebra morphism F^ : T{A) — > T(^) induced by the linear map 



fj : r(^) A, f{ai g) . . . (g a„) = 7„ai . . . a„. 
Prove the composition formula F^s = F^F^. (Hint: Example IVIII . 1 2l ) A 



Exercise VIII. 23. A graded coalgebra morphism F: T{U) T{V) is surjective 
(resp.: injective, bijective) if and only if F/ : [/ — > F is surjective (resp.: injective, 
bijective). A 

2-B. The reduced symmetric coalgebra. 



Definition VIII. 24. The reduced symmetric coalgebra is by definition SiV) = 

en>o o" with the coproduct [ = En Er=o ir+i'> 

[(Ul . . . f„) = ^ ^ ^ ( il ' Vnj VI VIC 

r=l /C{l,...,n};|/|=r '•••i'^/ / 

The verification that [ is a coproduct is an easy consequence of Lemma lV111.4l In 
fact, the injective map A^: S{V) T{V) satisfies the equality aA^ = (A^0A^)l and 
then A^ is an isomorphism between {S{V), I) and the subcoalgebra of symmetric 
tensors of {T{V), a). 



Remark VIII. 25. It is often convenient to think the symmetric algebra as a 
quotient of the tensor algebra and the symmetric coalgebra as a subset of the 
tensor coalgebra. 
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The coalgebra S{V) is coassociative without counity. It follows from the def- 
inition of i that V = ker [ and Tl = [, where T is the twisting map; in par- 
ticular {S{V), [) is cocommutative. For every morphism of graded vector spaces 
f : V ^ W, the morphism S{f) : S{V) S{W) is a morphism of graded coalge- 
bras. 



If (C, A) is any cocommutative graded coalgebra, then the image of A"" is con- 
tained in the subspace of symmetric tensors and therefore 



1 e^^-l 
N o — . 



1- A 
where 

^ oo 



A ^ n! 

n=l 



Proposition VIII. 26. Let (C, A) be a cocommutative locally nilpotent graded 
coalgebra, then: 



(1) The map — — — : C — > S{C) is a morphism of graded coalgebras. 

(2) For every graded vector space V and every morphism of graded coalgebras 
(j): C ^ S{V), there exists a unique factorization 



.n-1 



A ^ n! 

n=l 



: C S{C) S{V), 



where (j) . C V is a morphism of graded vector spaces f:C — > V . 
(Note that (f)^ is the composition of (p and the projection S{V) — > V.) 

Proof. Since N is an injective morphism of coalgebras and - — — = N o 

-, the proof follows immediately from Proposition IVIII.18I □ 



A 

Corollary VIII. 27. Let C be a locally nilpotent cocommutative graded coalgebra, 
and V a graded vector space. A morphism 9 £ HomG(C, S{V)) is a morphism of 
graded coalgebras if and only if there exists m £ IIomG(C, C HomePC, S{V)) 
such that 

CO ^ 

6 = exp(m) — 1 = > —m" 
^-^ n! 

n=l 

being the n-th power of m is considered with respect to the algebra structure on 
HomG(C,5(V7) (ExampleMlLW- 

Proof. An easy computation gives the formula = {Q"^m)A'^~^ for the 
product defined in Example IVIII.lil □ 

Exercise VIII. 28. Let F be a graded vector space. Prove that the formula 

n-1 

c{viA...AVn) = ^ ^ {-ly e{a) (V^^i) A ... Av^^r)) ^ {Va{r+1) ^ ■■■ ^Va{n)), 
r=l aeS{r,n-r) 
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where (—1)'^ is the signature of the permutation a, defines a coproduct on /\{V) = 
©n>o A" '^'^6 resulting coalgebra is called reduced exterior coalgebra generated 
by V. A 



3. Coderivations 

Definition VIII. 29. Let (C, A) be a graded coalgebra. A linear map d G 
Hom" (C,C) is called a coderivation of degree n if it satisfies the coLeibnitz rule 

Ad = (d (g) Idc + Idc <S) d)A. 

A coderivation d is called a codifferential if = d o c? = 0. 

More generally, ii 6: C ^ D is a morphism of graded coalgebras, a morphism of 
graded vector spaces d G Hom"(C, £>) is called a coderivation of degree n (with 
respect to 0) if 

And = {d<^e + e<^ d)Ac. 

In the above definition we have adopted the Koszul sign convention: i.e. ii x,y G 
C, f,g e Hom*(C, D), h,k e Hom*(S, C) are homogeneous then (/ 'S>g){x'S>y) = 
{-1)9^ f{x) ® g{y) and (/ (g) g){h ® k) = {-If^fh (g) gk. 

The coderivations of degree n with respect a coalgebra morphism 9: C ^ D form 
a vector space denoted Codev^{C, D;9). 

For simplicity of notation we denote Coder" (C,C) = Coder" (C, C; Id). 

Lemma VIII. 30. Let C — >D — >E he morphisms of graded coalgebras. The com- 
positions with and p induce linear maps 

: Coder"(C7, D; 6) Coder"(C7, E; pO), f ^ pf; 

e* : Coder"(D, E- p) Coder"(C, E- pO), f ^ fO. 

Proof. Immediate consequence of the equalities 

Aep = {p® p)Ad, AdO = {e®e)Ac. 

□ 

Exercise VIII.31. Let C be a graded coalgebra and d G Coder^(C, C) a codif- 
ferential of degree 1. Prove that the triple (L, (5, [, ]), where: 

L= eCoder"(C,C), [f,g\=fg-{-rf^gf, 5{f) = [d,f] 

neZ 

is a differential graded Lie algebra. A 

Lemma VIII.32. Let V,W be graded vector spaces, f G IlomG{V,W) and g G 
Hom"*(5(F), W). Then the morphism d G Rom"' {S {V), S{W)) defined by the rule 

d{viQ ...Qvn) = ^;vi,---,Vnj g{vi)QS{f){vio) 

is a coderivation of degree m with respect to the morphism of graded coalgebras 
S{f):W)^Wn- 



136 



VIII. GRADED COALGEBRAS 



Proof. Let vi,V2, ■ ■ ■ ,Vn be fixed homogeneous elements of V, we need to 
prove that 



If A C W is the image of / and B C W is the image of ^f, it is not restrictive to 
assume that W = A (B B: in fact we can always factorize 



and apply Lemma IVIII.301 to the coalgebra morphism S{+) : S{A (B B) ^ S{W). 
Under this assumption we have {S{A)B (g) S{A)) D {S{A) ® S{A)B) = and the 
image of d is contained in S{A)B C S{A® B). Therefore the images of id and 
{d ® S{f) + S{ f)(Bd) l are bot h contained in{S{A)B Sp)) © (S{A) ® S{A)B). 
Denoting hj p: S{W)(SiS{W) — > S{A)BigS{A) the natural projection induced by 
the decomposition W = ABB, since both the operators Id and {d(SiS{f)+S{f)(Sid)i 
are invariant under the twisting map, it is sufficient to prove that 

pidivi Q ...Qvn) =p{d(g) Sif))l{vi ... Vn). 

We have (all Koszul signs are referred to vi, . . . , Vn) 



ld{vi . . . Vn) = (d Sif) + S{f) d)l(vi ... Vn). 




V 



S{V) 




07^JC/C{l,...,n} 




On the other hand 




9{vj)QS{f){vi.j)^S{f){vi.) 




□ 
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Proposition VIII. 33. Let V be a graded vector space and C a locally nilpotent 
cocommutative coalgebra. Then for every coalgehra morphism 9: C ^ ^{V) and 
every integer n, the composition with the projection S{V) — > V gives an isomor- 
phism 

Coder"(C,S(y);0) ^ Hom"(C,F) = HomG(C, y[n]). 

Proof. The injectivity is proved essentially in the same way as in Propo- 
sition Ivnlll if G Coder"(C,5(V7;^) we de note by e\d': C ©V the 
composition of 6 and d with the projection SiV) — > O*^- The coLeibnitz rule is 
equivalent to the countable set of equalities 

td' = d''® 6'-" + r ® d'-", < a < i. 
Induction on i and the injectivity of 

n n—1 
m=2 -, m=l 

show that d is uniquely determined by d . 

For the surjectivity, consider g £ IIom"(C, y); according to Proposition IVIII.26I 

_ 1 e^ -1 

we can write 9 = S{9^) — - — and, by Lemma EnEH the map d = 6 



^ , ^^^^^ „ ^ 



where 6 : S{C) — > S{V) is given by 

Jl,... ,n| 

is a coderivation of degree n with respect to that lifts g. □ 



6{ciQ...Qcn)= Yl e( ^'^'^'\;ci,...,cn) g{ci)QS{e^){c^i}c 



Corollary VIII. 34. Let V be a graded vector space, S(y) its reduced symmetric 
coalgebra. The application Q ^ gives an isomorphism of vector spaces 



Coder"(5Cl/), S{V)) = Hom"(5(y), V) 
whose inverse is given by the formula 

n 

Q{viQ ...QVn)=Y ^ e(f^)<9iK(i)0---0^^a(fc))0'^<7(fc+i)0---0^^a(n)- 

fc=l aeS{k,n-k) 

In particular for every coderivation Q we have Q*- = for every i > j and then 
the subcoalgebras ©[^^ ^ '^'^^ preserved by Q. 

Proof. The isomorphism follows from Proposition I VIII. 331 while the inverse 
formula comes from Lemma I VIII. 321 □ 



CHAPTER IX 



Loo and EDF tools 

In this chapter we introduce the category Lqo of Loo-algebras and we define a 
sequence of natural transformations 

DGLA ^ Loo ^ PreDef Def 

whose composition is the functor L Defi, (cf. IV.66|) . 

In all the four categories there is a notion of quasi-isomorphism which is preserved 
by the above natural transformations: we recall that in the category Def quasi- 
isomorphism means isomorphism in tangent spaces and then by Corollary IV.72I 
every quasi-isomorphism is an isomorphism. 

Through all the chapter we work over a fixed field K of characteristic 0. Unless 
otherwise specified all the tensor products are made over K . 



1. Displacing (Decalage) 

For every n and every graded vector space V, the twisting map gives a natural 
isomorphism 

dp„,: (g)"(y[l]) ^ {mV[n], V[a] =K[a]Ci)V 
dp^ivi[l]^. . .(S)Vn[l]) = (-l)Sr=i("-i)dcgK;y)(^^^_ _ .(^Vn)[n], v[a] = l[a\(S)v. 
It is easy to verify that dp„, called the displacing^ isomorphism, changes sym- 
metric into skewsymmetric tensors and therefore it induces an isomorphism 

dp„:OWl])-(A"^)N, 

dp„(i;i[l] ... Vn[l]) = (-l)Sr=i("-OdegK;V)(^^ ^^^^^ 

2. DG-coalgebras and Loo-algebras 

Definition IX. 1. By a dg-coalgebra we intend a triple {C,A,d), where (C, A) 
is a graded coassociative cocommutative coalgebra and d G Coder^ (C,C) is a 
codifferential. If C has a counit e: C — > K, we assume that ed = 0. The category 
of dg-coalgebras, where morphisms are morphisms of coalgebras commuting with 
codifferentials, is denoted by DGC. 

Example IX. 2. If yl is a finite dimensional dg-algebra with differential d: A ^ 
A[l], then (Example lVIII. 15|) is a dg-coalgebra with codifferential the transpose 
of d. 

Marco Manetti: Lectures on deformations of complex manifolds 
^It is often used the french name decalage. 
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Lemma IX. 3. Let V be a graded vector space and Q G Coder\S {V) , S {V)) . 
Then Q is a codijjerential, i.e. Q o Q = 0, if and only if for every n > and every 
vi,. . . ,Vn € V 

X] ^ 4(^;Vi,...,Vn)Q}{Ql{v„l^i)Q...Qv„(^k))Qv„{k+l)Q---Qv„(^n)) =0. 

k+l=n+l aeS{k,n-k) 

Proof. Denote P = Q o Q = Q]: since P is a coderivation we have that 
P = if and only if pi = Qi o Q = 0. According to Corollary EIILHI 

QiviQ ...Qvn) = Yl ^(//'^ ?jQ\vi)Qvi. 

IC{l,...,n} ' ■ ■ ■ '"'j'^ 

and then 

P^(^;i0...0z;„)= Yl e(|/'^'^|)^?'(Q'(^/)0^jO- 



/C{l,...,n} 



□ 



n + 1 

Note that P^ = whenever = for every m > and, if Q is a codiffer- 



ential in S{V) then Ql is a differential in the graded vector space V. 

Definition IX. 4. Let ^ be a graded vector space; a codifferential of degree 1 
on the symmetric coalgebra C{V) = S{V[1]) is called an Loo-structure on V. The 
dg-coalgebra {C{V),Q) is called an Loo-algebra. 
An Loo-algebra {C{V),Q) is called minimal if Q\ = 0. 

Definition IX. 5. A weak morphism F: {C{V),Q) {C{W),R) of Loo-algebras 
is a morphism of dg-coalgebras. By an Loo-morphism we always intend a weak 
morphism of Loo-algebras. 

A weak morphism F is called a strong morphism if there exists a morphism of 
graded vector spaces F^ : V ^ W such that F = S {F^ ) . 

We denote by Loo the category having Loo-algebras as objects and (weak) Loo- 
morphisms as arrows. 

Consider now two Loo-algebras {C{V), Q), {C{W), R) and a morphism of graded 
coalgebras F: C{V) C{W). Since FQ - RF e CodeT\C{V),C{W); F), we 
have that F is an Loo-morphism if and only if F^Q = R^F. 

Lemma IX. 6. Consider two Loo-algebras {C(V),Q), {C(W), R) and a morphism 
of graded vector spaces F^ : C{V) W[l]. Then 

F = 5(P1)^ : iCiV),Q) ^ iC{W),R) 
is an Loo-morphism if and only if 

n n 

(4) Y.^M = YnQi 

1=1 1=1 

for every n > 0. 
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Proof. According to Proposition IVIII.26I F is a morphism of coalgebras. 
Since FQ - RF G CodeT^{C{V),C{W); F), we have that F is an Loo-morphism 
if and only if F^Q = R^F. 

□ 

Exercise IX. 7. An Loo-morphism F is strong if and only if F^ = for every 
n > 2. A 

If F: (C(y), Q) {C{W),R) is an Loo-morphism, then by Lemma llOl i?^^/ = 
FiQ\ and therefore we have a morphism in cohomology H(F^): H*(V[1],Q\) — > 
H*{W[l],Ql). 

Definition IX. 8. An Loo-morphism F: {C{V),Q) {C{W),R) is a quasiiso- 
morphism if H{F^): H*{V[1\,Q\) — > Qi) is an isomorphism. 

The following exercise shows that the above definition is not ambiguous. 

Exercise IX. 9. An Loo-morphism F : {C{V), Q) {C{W),R) is a quasiisomor- 
phism if and only if H{F) : H* {C{V) ,Q) ^ H* {C{W) , R) is an isomorphism. A 



Given a coderivation Q : S{V[1]) S'(y[l])[l], their components Q] : 0"(^[1]) " 
V[2], composed with the inverse of the displacement isomorphism, give linear maps 

l, = {Q]odp-')[-n]:f\^V^V[2-n]. 

More explicitly 

l,{v, A...AVn) = (-1)-"(-1)S-i("-^)'^^s(^'.;V)q1(^^[1] q _ _ _ q ^^[1]) 
The conditions of Lemma llX.31 become 

^ {-lVe{a)li{lk{v^(^i) A ... A t;^(A.)) A A ... A = 0. 

a£S{k,n-k)'^~^> 

Setting li{v) = d{v) and hivi A V2) = [vi,V2], the first three conditions (n = 
1, 2, 3) becomes: 



d^ = 

d[x,y] = [dx,y] + {-l)'=[x,dy] 

i-imix, y],z] + {-l)y^[[z, x],y] + (-if ^[[y, z],x] = 

= {-lf^+^dk{x, y, z) + h{dx, y, z) + {-lfh{x, dy, z) + y, dz)) 



If /s = we recognize, in the three formulas above, the axioms defining a differ- 
ential graded Lie algebra structure on V . 

Exercise IX. 10. Let {C{V),Q) be an Loo-algebra. Then the bracket 

gives a structure of graded Lie algebra on the cohomology of the complex {V, Q\). 

A 
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3. From DGLA to Loo-algebras 

In this section we show that to every DGLA structure on a graded vector space V 
it is associated naturally a Loo structure on the same space V, i.e. a co differential 
Q on C{V) = S{V[l]). 

The coderivation Q is determined by its components : Q"' ^[1] ~^ ^[2]- 

Proposition IX. 11. Let {V, d,[,]) be a differential graded Lie algebra. Then the 
coderivation Q of components 

(1) Q\iv[l]) = -div). 

(2) Ql{wi[l]Qw2[l]) = i-lf'^^^^'^^[wi,W2] 

(3) Qj=0 for every j >3. 

is a codijferential and then gives an Loo-structure on V. 

Proof. The conditions of Lemma llX.31 are trivially satisfied for every n > 3. 
For n < 3 they becomes (where x = x[l] and x = deg(x; V)): 

n = l: QlQ\{v) = d^v) = 

n = 2 : QlQlix Qy)+ QI{Q\{x) Qy) + {-l)^^-^)(y-^) Ql{Q\{y) Qx) = 

= -{-ir{d[x,y] - [dx,y]) + [x,dy] = 
n = 3 : QliQlix Qy)Qz) + {-lf-^Ql{x Ql{yQz))+ 

+(_lf(f-i)gi(y0Qi(j0£)) = 

= {-mix, y],z] + {-l)y-'[x, [y, z]] + (-l)(^-i)^[x, [y, z]] = 

□ 

It is also clear that every morphism of DGLA f : V ^ W induces a strong 
morphism of the corresponding Loo-algebras ^(/[l]): Ciy) C(W). Therefore 
we get in this way a functor 

DGLA ^ Loo 

that preserves quasiisomorphisms. 

This functor is faithful; the following example, concerning differential graded Lie 
algebras arising from Gerstenhaber-Batalin-Vilkovisky algebras, shows that it is 
not fully faithful. 

Let {A, A) be a GBV-algebra (Section EnEl); we have seen that (G[-l], [ , ], A), 
where 

[a, 6] = aA(6) + (-l)'^^s('^'^[-il)(A(a6) - A(a)6) 

is a differential graded Lie algebra and then it makes sense to consider the asso- 
ciated Loo-algebra (C(G[— 1]), 5) = [S{G),5). The codifferential 5 is induced by 
the linear map of degree 1 = A + Q e Homjj (5(G), G), where 5\ = A and 

5l = Q: QfC G, Q{a 6)= A(a6) - A(a)6 - (-l)"aA(6) 
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Lemma IX. 12. In the notation above, 

A{aia2 ■ ■ ■ am) = ^ e{a; ai, . . . ,am)Maai)aa2 ■ ■ ■ + 

a£S{l,m-l) 

+ ^ e(o"; ai , • • • , am)Q{aai , a^a )«(T3 • • • «a„ 

(Tg5(2,m-2) 

for every m>2 and every oi, . . . , Om £ G. 

Proof. For m = 2 the above equality becomes 

A{ab) = A{a)b + (-if aA(6) + Q{a b) 
which is exactly the definition of Q. 

By induction on m we may assume the Lemma true for all integers < m and then 

m 

A((aia2)a3 . . . a^) = ^(-in+-+^oi . . . A{ai)ai+i . . . 

i=l 

+ ^ e (5(aia2 ai)a3 . . . Oj . . . Om + ^ eQ{ai Q aj)aia2 ■ ■ ■ ai ■ ■ ■ aj ■ ■ ■ am- 

i>3 2<i<j 

Replacing the odd Poisson identity 

Q(ai02 ai) = {-l)'^aiQ{a2 at) + (-l)(^+i)^a2Q(ai a^) 
in the above formula, we obtain the desired equality. □ 

As an immediate consequence we have 

Theorem IX. 13. In the notation above, let (C(G[— l]),r) be the (abelian) L^- 
ra whose codifferential is induced by A: G G. Then the morphism of 



graded vector spaces f : S{G) G, 

f{ai ... am) = 0102 ...am 

induces an isomorphism of Loo-algebras F: {C{G[—1]),6) (C(G[— 1]), r). 

Proof. According to Lemmas IIX.6I and IIX.12I the morphism of graded coal- 
gebras induced by / is an Loo-morphism. 

Moreover, according to Example IVIII. 2 ll F is an isomorphism of graded coalgebras 
whose inverse is induced by 



g:S{G)^G, g{ai Q ... Q Um) = {-!)'"" ^0102... a„. 

□ 
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4. From Loo-algebras to predeformation functors 

Let Q G Coder^(C(y),C(y)) be a Loo structure on a graded vector space V, we 
define the Maurer-Cartan functor MCy '■ NA Set by setting: 

MCv{A) = HomDGc(^'',C(y)). 

We first note that the natural isomorphism 

{C{V) Af = HomclA"^, C{V)), {v a)c = c{a)v 

is an isomorphism of algebras and then, according to Corollary IV111.27I every 
coalgebra morphism 9: A'^ — > C{V) is written uniquely as 9 = exp(m) — 1 for 
some m £ {V[l] A)^ = HomG(^^, As in Lemma llX.61 is a morphism 

of dg-coalgebras if and only if mdy^v = Q^9; considering m as an element of the 
algebra {C(V) A)^ this equality becomes the Maurer-Cartan equation of an 
Loo-structure: 

oo ^ 

{Idv[i] dA)m = —{Ql (g) IdA)m'', m G (^[1] Af. 

n=l 

Via the decalage isomorphism the Maurer-Cartan equation becomes 

oo 

Ex n(n + l) 

— (-1) 2 (/„ (gi /d^)m A . . . A m, m e {V ^ A)\ 
n! 

n=l 

It is then clear that if the Loo structure comes from a DGLA V (i.e. In = ^ for 
every n > 3) then the Maurer-Cartan equation reduces to the classical one. 

It is evident that MCy is a covariant functor and MCv{0) = 0. Let a: A ^ C, 
(3: i? — > C be morphisms in NA, then 

MCv{A xcB) = MCv{A) y^MCviC) MCv{B) 

and therefore MCy satisfies condition 2) of Definition ESHl in particular it makes 
sense the tangent space TMCy- 

Proposition IX. 14. The functor MCy is a predeformation functor with T^MCy = 
H'-HV[l],Ql). 

Proof. If A g NA n DG then 

MCviA) = {me{V^ A)^ I Idv dA{m) = -h ® = Z^{V (S) A) 

the same computation of IV.66I shows that there exists a natural isomorphism 
T'MCv = H'{VM) = H'-'^{y[^,Q\)- 

Let — >I — >A — >B — >0 be a small acyclic extension in NA, we want to prove 
that MCv{A) MCv{B) is surjective. 
We have a dual exact sequence 

Since /A = we have Aav {A^) C B"^ (g) B"^ . 

Let (j) G MCv{B) be a fixed element and 4^ : B"^ ^ V[l]; by Proposition iVTTT.261 
(f) is uniquely determined by 4>^. Let '■ A"^ — > V{1] be an extension of (jx^, then, 
again by IVIII.261 \s induced by a unique morphism of coalgebras V ■ ^ 
C{V). 



5. FROM PREDEFORMATION TO DEFORMATION FUNCTORS 



145 



The map ^/^d^v — Qil): C {¥)[!] is a coderivation and then, setting h = 

{il^div — QV)^ € HomG(-f'^, ^[2]), we have that V' is a morphism of dg-coalgebras 
if and only if /i = 0. 

Note that is defined up to elements of Homcl-f^, = (8)/)" and, since 
AAv(y4^) C (g) B^, V'* depends only by 4> for every i > 1. Since / is acyclic 
and hdjv + Qlh = there exists ^ e HomG(/^, such that h = ^d/v — Qj^ 
and then 6^ = — induces a dg-coalgebra morphism 6: —>■ C{V) extending 

4>. □ 

Therefore the Maurcr-Cartan functor can be considered as a functor Lqo — > 
PreDef that preserves quasiisomorphisms. We have already noted that the com- 
position DGLA Loo PreDef is the Maurer-Cartan functor of DGLAs. 



5. From predeformation to deformation functors 

We first recall the basics of homotopy theory of dg- algebras. 

Wc denote by K [ti, . . . ,tn, dti, . . . , dtn] the dg-algcbra of polynomial differential 
forms on the affine space A" with the de Rham differential. We have K. [t, dt] = 
K[t]®K[t]dt and 

K[ti,...,tn,dti,...,dtn] = (g)"K[ii,dii]. 

i=l 

Since K has characteristic 0, it is immediate to see that H:^{K[t,dt]) = K[0] 
and then by Kiinneth formula [ti, . . . , tn, dti, . . . , dtn]) = IK [0]. Note that 

for every dg-algebras A and every s = (si, . . . , s„) G K'^ we have an evaluation 
morphism 

eg-. A(^K[ti, . . . ,tn,dti, . . . , dtn] ^ 

defined by 

65(0 (g)p(ti, . . . ,tn,dtl,. . .,dtn)) =p(si, . . . ,Sn,0, . . . ,0)a 

For every dg-algebra A we denote y4.[t, dt\ = ^ K [t, dt\\ if A is nilpotent then 
A\t^dt\ is still nilpotent. If A G NA, then is the direct limit of objects in 

NA. To see this it is sufficient to consider, for every positive real number e > 0, 
the dg-subalgebra 

A\t, dt], = A® en>o(^^"'^i'' e ^r^^Ti^-^dt) c A\t, dt], 

where AS"^^ is the subalgebra generated by all the products aia2 . . . fls, s > ne, 
Qi e A. 

It is clear that if A G NA then A[t, dt], G NA for every e > and A[t, dt] is the 
union of all A[t, dt],, e > 0. 

Lemma IX.15. For every dg-algebra A the evaluation map eh - A[t,dt] A in- 
duces an isomorphism H{A[t, dt]) — > H{A) independent from /t G K . 

Proof. Let i: A^ A[t, dt] be the inclusion, since e/^z = IdA it is sufficient to 
prove that i: H{A) H{A[t,dt]) is bijective. 

For every n > denote Bn = Af^ © Af^^^dt; since d(Bn) C Bn and dt] = 
z{A) 0„>o it is sufficient to prove that H(Bn) = for every n. Let z G Zi(Bn), 
z = at"" + nW-^dt, then = dz = daf" + ((-l)'a + dh)nt'^-'^dt which implies 
a = {-ly-^db and then z = {-l)'-^d{bt''). □ 
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Definition IX. 16. Given two morphisms of dg-algebras f,g:A^B,a, homo- 
topy between / and 5 is a morphism H : A ^ B[t, dt] such that Hq := cqoH = f, 
Hi:=eioH = g (cf. |13 p. 120]). 

We denote by -B] the quotient of HoniDGAl^, -B) by the equivalence relation 
~ generated by homotopies. 

According to Lemma llX.151 homotopic morphisms induce the same morphism in 
homology. 

Lemma IX. 17. Given morphisms of dg-algebras, 

f h 

9 I 

'i-f f ^ 9 '^''^d h ~ I then hf ~ Ig. 

Proof. It is obvious from the definitions that kg ~ Ig. For every a G IK there 
exists a commutative diagram 

B^K[t, dt] C0K[t, dt] . 



If F: ^ — > B[t, dt] is a homotopy between / and g, then, considering the compo- 
sition of F with h (8) Id, we get a homotopy between hf and hg. □ 

Since composition respects homotopy equivalence we can also consider the ho- 
motopy categories i^(DGA) and K(NA). By definition, the objects of K(DGA) 
(resp.: i^(NA)) are the same of DGA (resp.: NA), while the morphisms are 
Mor{A,B) = [A,B]. 

If ^, i? S DG n NA, then two morphisms f,g: A B are homotopic in the 
sense of IIX.16] if and only if / is homotopic to g as morphism of complexes. In 
particular every acyclic complex is contractible as a dg-algebra. 

Lemma IX. 18. A predeformation functor F : NA Set is a deformation functor 
if and only if F induces a functor [F] : i^(NA) Set. 

Proof. One implication is trivial, since every acyclic / G NA n DG is iso- 
morphic to in K(NA). 

Conversely, let H : A ^ B[t,dt] be a homotopy, we need to prove that Hq and 
Hi induce the same morphism from F{A) to F{B). Since A is finite-dimensional 
there exists e > sufficiently small such that H : A ^ B[t,dt]^; now the evalu- 
ation map Co : B[t,dt]^ — > i? is a finite composition of acyclic small extensions 
and then, since F is a deformation functor F(B[t,dt]e) = F{B). For every 
a £ F{A) we have H{a) = iHQ{a), where i: B ^ B\t,dt]f^ is the inclusion and 
then Hi{a) = eiH{a) = eiiHo{a) = HQ{a). 

□ 

Theorem IX. 19. Let F be a predeformation functor, then there exists a defor- 
mation functor F~^ and a natural transformation r]: F ^ F~^ such that: 

(1) rj is a quasiisomorphism. 
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(2) For every deformation functor G and every natural transformation : F — > 
G there exists a unique natural transformation ip: — > G such that 
(p = ipr]. 

Proof. We first define a functorial relation ~ on the sets F{A), A G NA; we 
set a ~ 6 if and only if there exists e > and x E F{A[t, dt]^) such that eo(x) = a, 
ei (x) = b. By IIX.18I if F is a deformation functor then a ~ 6 if and only if 
a = b. Therefore if we define F^ as the quotient of F by the equivalence relation 
generated by ~ and rj as the natural projection, then there exists a unique ip as 
in the statement of the theorem. We only need to prove that F^ is a deformation 
functor. 

Step 1: If C G DG n NA is acyclic then F+(C) = {0}. 
Since C is acyclic there exists a homotopy H: G — > G[t,dt]^, e < 1, such that 
Hq = 0, Hi = Id; it is then clear that for every x £ F[G) we have x = Hi{x) ~ 
Ho{x) = 0. 

Step 2: ~ is an equivalence relation on F{A) for every A £ NA. 
This is essentially standard (see e.g. j27i ). In view of the inclusion A — > A[t, dt]f: 
the relation ~ is reflexive. The symmetry is proved by remarking that the auto- 
morphism of dg-algebras 

A[t,dt] A[t,dt]; a®p{t,dt) ^ a®p{l -t,-dt) 

preserves the subalgebras A[t, dt]^ for every e > 0. 

Consider now e > and x £ F{A[t, dt]^), y G F{A[s, ds]^) such that eo(x) = eo(y); 
we need to prove that ei(x) ~ ei{y). 

Write K[t, s,dt,ds] = ©n>o5'"', where 5"" is the n-th symmetric power of the 

acyclic complex Kt® IK s-^ IK dteKds and deHne A[t, s,dt, ds]e = A©©n>o(^ O 
5""). There exists a commutative diagram 

A[t, s, dt, ds]e 



si->0 



A[t,dt]^ 

The kernel of the surjective morphism 

A[t,s,dt,ds]e-^A[t,dt]^ xa A[t,dt]e 

is equal to ®„>o (5" n I)), where / C K[t,s,dt,ds] is the homo geneous 

differential ideal generated by st, sdt, tds, dtds. Since / n S" is acyclic for every 
n > 0, the morphism r/ is a finite composition of acyclic small extensions. 

Let ^ G F{A[t,s,dt,ds\f) be a lifting of {x^y) and let z G F{A[u,du\f:) be the 
image of ^ under the morphism 

s, dt, — > A[u, t ^ 1 — s^u 

The evaluation of z gives 60(2;) = ei(a;), 61(2;) = ei{y). 
Step 3: If a: ^ — > S is surjective then 



F{A[t,dtlf-^^F{A) x^(B) FiB[t,dtl 



is surjective. 
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It is not restrictive to assume a a small extension with kernel I. The kernel of 
(eo, a) is equal to ©„>o(^^"'^ n /) O (IKt" Kt^-^dt) and therefore (cq , a) is an 
acyclic small extension. 

Step 4: The functor F+ satisfies Oal of 1X^591 

Let a G -F(A), h G be such that a[d) ~ /3(6); by Step 3 there exists a! ~ a, 

a' G such that a(a') = and then the pair (a', h) lifts to F(A xc 5). 

Step 5: The functor F+ satisfies EH of |V39l 

Bv lV.60l it is sufficient to verify the condition separately for the cases C = and 
S = 0. When C = the situation is easy: in fact (^4 x = A^^dt\^ x 

B\t,dt\, F{{A X = F{A^,dt\) x F{B^,dt\^) and the relation ~ over 

Fi^A X is the product of the relations ~ over -F(^) and F{B); this implies that 
F+{A X B) = F+{A) X 

Assume now B = 0, then the fibred product D := A xc B is equal to the 
kernel of a. We need to prove that the map F~^(D) — > F~^(A) is injective. Let 
ao, ai £ F{D) C F(A) and let x G F{A[t, dt]^) be an element such that ei{x) = ai, 
i = 0,1. Denote by x G F{C[t, dt]^) the image of x by a. 

Since C is acyclic there exists a morphism of graded vector spaces a : C — > C[— 1] 
such that da + ad = Id and we can define a morphism of complexes 

h: C ^ (Ks e Kds) (gi C C C[s,ds]i; h{v) = s®v + ds® a{v) 

The morphism h extends in a natural way to a morphism 

/i: C[t,dt]^ (KselKds) C[t,dt], 

such that for every scalar ^ G IK there exists a commutative diagram 

C[t,dt], {Ws®^ds)®C[t,dt], 

C ^ (lKse]Kds)®C 

Setting z = h{x) we have Z|<j=i = x, ^|s=o = ^|t=o = ^|t=i = 0- By step 3 z lifts 
to an element z G dt]e[s, dsji) such that z^^^i = x; Now the specializations 

z^g^Q, 2:|f=oi -^i^^i are annihilated by a and therefore give a chain of equivalences 
in F{D) 

ao = ^;[s=l,t=0 ~ 2|s=0,t=0 ~ ^;|s=0,i=l ~ ^|s=l,t=l = oi 

proving that oq ~ ai inside F{D). 
The combination of Steps 1, 4 and 5 tell us that F^ is a deformation functor. 

Step 6: The morphism rj: F ^ F~^ is a quasiisomorphism. 
Let e be of degree 1 — i, = 0, then Ke © /j is isomorphic to the dg-subalgebra 

KeeKeteKedt C Ke[t,dt] 

and the map p: F{Ii) F(Ke) factors as 

p: F{Ii) ^ F{Ii) © F(Ke) = F{Ke®Ket ®Kedt) F{Ke). 
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On the other hand the evaluation maps eo, ei factor as 

a: Ke[t,dt]-^ICee]fCet ©Kedt^ICe, i = 0, 1 
where h is the morphism of dg- vector spaces 

/i(er+i) = et, hief'dt) = Vn > 0. 

□ 

Corollary IX. 20. Let L be a differential graded Lie algebra, then there exists 
a natural isomorphism MC^ = Def/,. 

Proof. According to Theorem llX. 191 there exists a natural morphism of func- 
tors _0^C^ ^ Defi; byimV' 

is a quasiisomorphism and then, by Corol- 
lary EZ21^ is an isomorphism. □ 

Definition IX. 21. Let {C{V),Q) be a Loo-algebra and let Defy = MC^ be the 
deformation functor associated to the predeformation functor MCy ■ We shall 
call Deiy the deformation functor associated to the Loo-algebra {C{V),Q). 

A morphism of Loo-algebras C{V) — > C{W) induces in the obvious way a natural 
transformation MCy — > MCw and then, according to lIX.19l a morphism Defy — 
DefvK- Finally, since MCy — > Defy is a quasiisomorphism we have T^Defy = 

The following result is clear. 

Corollary IX. 22. Let 9: C{V) C{W) be a morphism of Loo -algebras. The 
induced morphism Defy — > Defpy is an isomorphism if and only if 9\: V ^ W is 
a quasiisomorphism of complexes. 



6. Cohomological constraint to deformations of Kahler manifolds 

Theorem IIX.13I shows that the category of Loo-algebras is more flexible than the 
category of differential graded Lie algebras. Another example in this direction is 
given by the main theorem of j54j . 

Let X be a fixed compact Kahler manifold of dimension n and consider the graded 
vector space Mx = Houiq^H* (X , C) , H* (X , C)) of linear endomorphisms of the 
singular cohomology of X. The Hodge decomposition gives natural isomorphisms 

i r+s=p+q+i 

and the composition of the cup product and the contraction operator Tx ® 
gives natural linear maps 

e^: HP{X,Tx) - momh{H'{^'x),H'^''{^x^)) C M[-l]^ = M^-\ 

r,s 

By Dolbeault's theorem H*(KSx) = H*{X,Tx) and then the maps 9p give a 
morphism of graded vector spaces 9: H*{KSx) — > -^[— l]x- This morphism is 
generally nontrivial: consider for instance a Calabi-Yau manifold where the map 
9p induces an isomorphism HP{X,Tx) = Homc(LrO(0^), LrP(17^-^)). 
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Theorem IX. 23. In the above notation, consider M[—l]x as a differential graded 
Lie algebra with trivial differential and trivial bracket. 

Every choice of a Kdhler metric on X induces a canonical lifting of 6 to an L^- 
morphism from KSx to M[—l]x- 

The application of Theorem IIX.23I to deformation theory, see j54j , are based 
on the idea that Loo-morphisms induce natural transformations of (extended) 
deformation functors commuting with tangential actions and obstruction maps (cf. 
Theorem IV. 69^ . Being the deformation functor of the DGLA M[— 1] essentially 
trivial, the lifting of 9 impose several constraint on deformations of X. 

Denote by: 

• A*'* = where A^'? = r(X,^P'«) the vector space of global 
(p, g)-forms. 

• iV*'* = Hom£(^*'*, A*'*) = 0p^^ NP^i, where A^^'^ = 0^^^. Hom£(^*'^ 
is the space of homogeneous endomorphisms of A*'* of bidegree (p, q). 

The space N*'* , endowed with the composition product and total degree deg{(j)) = 
p + q whenever (p G A'^^''^, is a graded associative algebra and therefore, with the 
standard bracket 



becomes a graded Lie algebra. We note that the adjoint operator [d, ] : N*'* 
jy*,*+i jg differential inducing a structure of DGLA. 

Lemma IX. 24. Let X be a compact Kdhler manifold, then there exists r G A^^ 
such that: 

(1) r factors to a linear map A*'* / kei d Imd. 



In particular d G A^^'*^ is a coboundary in the DGLA {N*'*, [ , ],[(?, ]). 

Proof. In the notation of Theorem I VI . 3 71 it is sufficient to consider r = ad = 
—da. Note that the above r is defined canonically from the choice of the Kahler 



We fix a Kahler metric on X and denote by: 7i C A*'* the graded vector space 
of harmonic forms, i:7i ^ A*'* the inclusion and h: A*'* 7i the harmonic 
projector. 

We identify the graded vector space Mx with the space of endomorphisms of 
harmonic forms Hom£('H,'H). We also we identify Der*(^*'*, ^*'*) with its image 
into A^ = HomJ.(^*'*,^*'*). 

According to Lemma llX. 241 there exists r G A^^ such that 

hd = dh = rh = Ht = dr = rd = 0, [d, r] = d. 

For simplicity of notation we denote by L = ©L^ the Z-graded vector space 
KS[l]x, this means that LP = T{X,A°'P+^{Tx)), -1 < p < n - 1. The local 
description of the two linear maps of degree +1, d: L ^ L, Q: L ^ L intro- 
duced, up to decalage, in Proposition IIX. 1 ll is: if zi, . . . , are local holomorphic 




(2) [d,T]=d. 



metric. 



□ 
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coordinates, then 

d d 

If I, J are ordered subsets of {!,... ,n}, a = fdzj— — , b = gdzj— — , f,g^ A^'^ 

OZi OZj 

then 

Q{a 6) = i-lfdzj A d^j " ^^^) ' " = 

The formula 

(5(oi . . . Om) = ^ e(L,o-;ai,...,am)c?affi 00^2 ©•••0a<j„ + 

<7eS(l,m-l) 

+ ^ e(L,cr;ai, . . . ,am)(5(a<7i a^a) a^g • • • © 

gives a codifferential 6 of degree 1 on S{L) and the differential graded coalge- 
bra {S{L), 6) is exactly the Loo-algebra associated to the Kodaira-Spencer DGLA 
KSx. 

If Der^(^*'*, ^*'*) denotes the vector space of C-derivations of degree p of the 
sheaf of graded algebras {A*'*, A), where the degree of a {p, g)-form is p + q (note 
that d,d G Der^(^*'*,^*'*)), then we have a morphism of graded vector spaces 

L—^Dei*{A*'*,A*'*) = ®DevP{A*'*,A*'*), a^a 

p 

given in local coordinates by 

Lemma IX. 25. // [ , ] denotes the standard bracket on Der*(^*'*, ^*'*), then for 
every pair of homogeneous a,b £ L we have: 

(1) da = [d,a] =dd - {-if ad. 

(2) Qi^b) = -[[d,a],b] = {-lfadb+ {-lf~^+Hdd±ddb±bad. 
Proof. This is a special case of Lemma lVII.211 □ 

Consider the morphism 

Fi : L ^ Mx, Fi{a) = hai. 

We note that Fi is a morphism of complexes, in fact Fi{da) = hdai = h{da±ad)i = 
0. By construction Fi induces the morphism 6 in cohomology and therefore the 
theorem is proved whenever we lift Fi to a morphism of graded vector spaces 
F : S{L) Mx such that F o ,5 = 0. 

Define, for every m > 2, the following morphisms of graded vector spaces 

oo 

fm-.^'^L^Mx, Fm-.Q'^L^Mx, F=Y,Fm--S{L)^Mx, 
fm{ai 02 ... am) = haiTa2Ta3 ■ ■ ■ To^i. 
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FmiaiQ a2Q ■ . .Q am) = ^ e{L,a;ai, . . . ,am)fm{aai ■ ■ ■ a^^)- 
Theorem IX. 26. In the above notation F o 5 = and therefore 

oo 

= E ° ^c[ks.) ■■ (CiKSx), 6) - iCm-l]x), 0) 

m=l 

is an LoQ-morphism with linear term Fi. 

Proof. We need to prove that for every m > 2 and ai, . . . , am E L we have 



Fm e(L, cr)(iao-j Co-j ... a^^ 



= -Fm-1 { ^ e(L,cj)(5(acri a^a) 0(73 ■•• Oct 

\creS(2,m-2) 

where e{L,a) = e(L, cr; ai , . . . , Om) • 

It is convenient to introduce the auxihary operators q: L q{a 6) 

{-If adb 8.nd gm-. (g)'" L ^ M[l]x, 

m-2 

^^(ai 0- • •0am) = - y^(-l)°i+°^+---+"'/iQrir . . .airg(ai+i0ai+2)'ral!r3 ■ • • ra^ 

i=0 



Since for every choice of operators a = h,T and f3 = T,i and every a,b £ L we 
have 



aQ(a = a((-l)"Sa6 + (-l)''^+^65a)/3 = a{q{a + a))/3, 

the symmetrization lemma rVIII.5l gives 



e{L,a)gm{aa,(S)...maJ = -Fm-i\ Yl e{L,a)Q{a ai 0(72 ) Oo-s • • • ao-„ 

o-eS™ \o-G5(2,m-2) 



7. HISTORICAL SURVEY, 153 



On the other hand 

fm I X] O . . . O Oj O dtti+l O . . . Om 



\ i=0 
m— 1 



(-l)«i+ -+<^»/ial . . . aiTidal^i - {-ir+'a^idy . . . Ta;ni 

2 = 

m-2 

^ {-l)^+-+^hai . . . air(-(-l)^f^ri9rc^r2 + {-l)'^a;^iTdd^2)r . . . To^ni 

1=0 

m-2 

- J2 . . . air((-l)^c^ri[9, T]d^2)T . . . rc^i 

i=0 
m-2 

- (-l)^+-+^/iai . . . aiTq{ai+i aj+a)^ • • • Ta;;^ 



i=0 

= gmiai (8) ... (8) am). 
Using again Lemma lV111.5l we have 

Y e{L,a)gm{acri(g). . .(g)aa^) = Fjn { ^ e(L, cr)(ia^i . . . 

o-GSm \o-G5(l,m-l) 

□ □ 



Remark. If X is a Calabi-Yau manifold with holomorphic volume form J7, then the 
composition of F with the evaluation at 0, induces an Loo-morphism C{KSx) 
C{H[n-l]). 

For every m > 2, cvq oFm ■ O™ ^ TCln] vanishes on Q^{a £ L \ d{a h il) = 
0}. 



7. Historical survey, IIXI 

Loo-algebras, also called strongly homotopy Lie algebras, are the Lie analogue of 
the Aoo ( strongly homotopy associative algebras), introduced by Stasheff |74) in 
the context of algebraic topology. 

The popularity of Loo-algebras has been increased recently by their application in 
deformation theory (after j68j ). in deformation quantization (after j44} ) and in 
string theory (after |82j . cf. also j47j ) . 
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